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PREFACE 


A series of Russian mathematicians~-Chebyshev, Korkin, 
Zolotaryov, Markov, Voronoi and others—have worked on the 
theory of numbers. One can become acquainted with the con- 
tent of the classical work of these notable mathematicians in 
B. N. Delone’s book ‘‘The Petersburg School of the Theory of 
Numbers”’ (‘‘Peterburgskaya shkola teorii chisel,’’ in Russian, 
1947). 

Soviet mathematicians, working in the field of number theory, 
have continued the great tradition of their predecessors and 
have created powerful new methods which have been used to 
obtain a series of first-class results; in the number theory sec- 
tion of the book ‘‘Mathematics in the USSR after 30 years’’ 
(‘Matematika v SSSR za 30 let,’’ in Russian, 1948) one can 
find a report on the attainments of Soviet mathematicians in the 
field of number theory, and the corresponding bibliographical 
references. 

In my book I present a systematic exposition of the funda- 
mentals of number theory within the scope of a university 
course. A large collection of problems introduces the reader 
to some of the new ideas in number theory. 

This fifth edition of my book differs considerably from the 
fourth. A series of changes, allowing a simpler exposition, 
have been made in al] the chapters of the book. The most 
important changes are the merging of the old chapters IV and 
V into one chapter IV (reducing the number of chapters to six) 
and the new, simpler proof of the existence of primitive roots. 

The problems at the end of each chapter have been essentially 
revised. The order of the problems is now in complete cor- 
respondence with the order of the presentation of the theoreti- 
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cal material. Some new problems have been added; but the 
number of numbered problems has been substantially reduced. 
This was accomplished by the unification, under the letters 

a, b, c,..., of previously separate problems which were re- 
lated by the method of solution or by content. All the solutions 
of the problems have been reviewed; in many cases these solu- 
tions have been simplified or replaced by better ones. Particu- 
larly essential changes have been made in the solutions of the 
problems relating to the distribution of n-th power residues and 
non-residues, and primitive roots, as well as in the estimations 
of the corresponding trigonometric sums. 


]. M. Vinogradov 
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ELEMENTS OF 
NUMBER THEORY 


CHAPTER I 
DIVISIBILITY THEORY 


$1. Basic Concepts and Theorems 


a. The theory of numbers is concerned with the study of the 
properties of integers. By integers we mean not only the num- 
bers of the natural number sequence 1, 2, 3, ... (the positive 
integers) but also zero and the negative integers: —1, —2, 

Soy aay 

As a rule, in presenting the theoretical material, we will 
use letters only to denote integers. In the cases in which 
letters may denote non-integers, if this is not clear in itself, 
we will mention it specifically. 

The sum, difference and product of two integers a and b are 
also integers, but the quotient resulting from the division of a 
by 6 (if b is different from zero) may be an integer or a non- 
integer. 

b. In the case in which the quotient resulting from the di- 
vision of a by 6 is an integer, denoting it by q, we have a= bq, 
i.e. a is equal to the product of b by an integer. We will then 
say that a is divisible by b or that 6 divides a. Here a is said 
to be a multiple of b and b is said to be a divisor of the number 
a. The fact that b divides a is written as: b\a. 

We have the following two theorems. 

1./f ais a multiple of m, and m is a multiple of b, then ais 
a multiple of b. 

Indeed, it follows from a = a,m, m = m,6 that a = a,m,b, 
where a.m, is an integer. But this proves the theorem. 


2. If we know that in an equation of the formk+l+...4+n 
=ptqt+...+s, all terms except one are multiples of b, then 
this one term is also a multiple of b. 

Indeed, let the exceptional term be k. We have 


l=1,b,...,n=n,b,p=p,b,q=q,6,...,5 =5,b, 
kK=pt+qt...+s—-l—...—n 
=(pptq,+---+5,-1,—-...—17,)b, 


proving our theorem. 

c. In the general case, which includes the particular case in 
which a is divisible by 5, we have the theorem: 

Every integer a is uniquely representable in terms of the 
posttive integer b in the form 


a=bgtr, O<r<b 


Indeed, we obtain one such representation of a by taking bq 
to be equal to the largest multiple of 6 which does not exceed 
a. Assuming that we also have a = bq, + r,, 0<1r, < 6, we find 
that 0 = b(q — q,) + r—1r,, from which it follows (2, b) that r—r, 
is a multiple of 6. But since |r—r,| <b, the latter is only 
possible ifr —r, = 0, i.e. if r=1r,, from which it also follows 
that q = q,. 

The number q is called the partial quotient and the number 
ris called the remainder resulting from the division of a by b. 

Examples. Let b= 14. We have 


177=14 12 + 9, 0<9< 14; 
-64 = 14 (-5) + 6, 0<6< 14; 
154 = 14 11 + 0, 0=0< 14. 


$2. The Greatest Common Divisor 


a. In what follows we shall consider only the positive di- 
visors of numbers. Every integer which divides all the integers 


a, b,..., lis said to be a common divisor of them. The 
largest of these common divisors is said to be their greatest 
common divisor and is denoted by the symbol (a, b, ..., 2). 


Z 


In view of the finiteness of the number of common divisors the 
existence of the greatest common divisor is evident. If (a, 


b,..., l)=1, then a, 6, ..., 1 are said to be relatively prime. 
If each of the numbers a, b, ..., 1 is relatively prime to any 
other of them, then a, 6, ..., / are said to be pairwise prime. 


It is evident that pairwise prime numbers are also relatively 
prime; in the case of two numbers the concepts of “‘pairwise 
prime’’ and “‘relatively prime’’ coincide. 

Examples. The numbers 6, 10, 15 are relatively prime since 
(6, 10, 15)= 1. The numbers 8, 13, 21 are pairwise prime 
since (8, 13) = (8, 21) = (13, 21) = 1. 

b. We first consider the common divisors of two numbers. 

1./f ais a multiple of b, then the set of common divisors of 
the numbers a and b coincides with the set of divisors of 6; in 
particular, (a, b) = b. 

Indeed, every common divisor of the numbers a and 6 is a 
divisor of b. Conversely, if a is a multiple of 5, then (1, b, $1) 
every divisor of the number 6 is also a divisor of the number 
a, i.e. it is a common divisor of the numbers a and 6. Thus 
the set of common divisors of the numbers a and 6} coincides 
with the set of divisors of 5, but since the greatest divisor of 
the number 5 is 6 itself, we have (a, 6) = b. 

2. If 


a= byte, 


then the set of common divisors of the numbers a and b coin- 
cides with the set of common divisors of the numbers b and c; 
in particular, (a, b) = (b, c). 

Indeed, the above equation shows that every common divisor 
of the numbers a and b divides c (2, b, $1) and therefore is a 
common divisor of the numbers 6 and c. Conversely, the same 
equation shows that every common divisor of the numbers b 
and c divides a and consequently is a common divisor of the 
numbers a and b. Therefore the common divisors of the num- 
bers a and b are just those numbers which are also common 
divisors of the numbers 6 and c; in particular, the greatest of 
these divisors must also coincide, i.c. (a, b) = (b, c). 
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c. In order to obtain the least common divisor as well as to 
deduce its most important properties, Euclid’s algorithm is ap- 
plied. The latter consists of the following process. Let a 
and 6 be positive integers. By c, $1, we find the sequence 
of equations: 


a= bq. tray 0<7r,<b, 

b=rqstts, O<rs < ra, 

q) Ta =TsQa + Tay O<ra<rs, 
Prag = la-i9n + Pro O <7 SF Sy 


Thea = 'n4nt+1 


which terminates when we obtain some r,,, = 0. The latter 
must occur since the sequence b, r,, r;, ... as a decreasing 
sequence of integers cannot contain more than b positive 
integers. 

d. Considering the equations of (1), proceeding from the top 
down, (b) shows that the common divisors of the numbers a 
and } are identical with the common divisors of the numbers b 
and r,, are moreover identical with the common divisors of the 
numbers r,; and r;, of the numbers r,; and r,, ..., of the numbers 
Ta~-, and rp, and finally with the divisors of the number r,,. 
Along with this, we have 


(a, b) = (b, 1.) = (rays) =. = Vondy Tn) =Tnp 


We arrive at the following results. 

1. The set of common divisors of the numbers a and b co- 
incides with the set of divisors of their greatest common 
divisor. 

2. This greatest common divisor is equal to rp, i.e. the last 
non-zero remainder tn Euclid’s algorithm. 

Example. We apply Euclid’s algorithm to the evaluation of 


(525, 231). We find (the auxiliary calculations are given on 
the left) 


525 = 231-2 + 63, 
B31= 63°34 42, 
63 = 42:14 21, 
42= 21-2. 





Here the last positive remainder is r,= 21. This means that 
(525, 231) = 21. 

e.1. [f m denotes any positive integer, we have (am, bm) 
= (a, b)m. 


2. 1f 8 is any common divisor of the numbers a and b, then 


(22) enter, (— me )= ti 
5° 5 = 5 ; un particular, a, b)” (55) = I, 1.€. 


the quotients resulting from the division of two numbers by 
their greatest common divisor are relatively prime numbers. 
Indeed, multiply each of the terms of the equations (1) by 
m. We obtain new equations, where a, b, r,,..., Tn are re- 
placed by am, bm, ram, ..., ram. Therefore (am, bm) =rpam, 
showing that proposition | is true. 
Applying proposition 1, we find that 


(2 b ) (; =) 
(a, b) =(—45, —5}) =(—, —]6; 
6 8 5.6 
and this proves proposition 2. 

f.1. If (a, b) = 1, then (ac, b) = (c, 6). 

Indeed, (ac, b) divides ac and bc, which implies (1, d) that 
it also divides (ac, bc) which is equal to c by 1, e; but (ac, 5) 
also divides 6 and therefore also divides (c, 5). Conversely, 
(c, 6) divides ac and b, and therefore also divides (ac, b). 
Thus (ac, 5) and (c, 6) divide each other and are therefore 
equal to one another. 

2. If (a, b) = 1 and ac is divisible by b, then c is divisible 
by b. 





Indeed, since (a, 6) = 1, we have (ac, 6) = (c, 6). But if ac 
is a multiple of 6, then (1, b) we have (ac, 6) = 6, which means 
that (c, b) = b, i.e. c is a multiple of 5. 

3. 1f each a, a,, ..., Gm is relatively prime to each by, by, 

..» bay then the product a,a,...a,, is relatively prime to the 
product b,b,...b,. 


Indeed (theorem 1), we have 


(a,a,43...@m, 6,) = (a,a3..-Am, bx) 


= (a3 ..-Gm, by) = +++ = (Gm, 5) = 1, 
and moreover, setting a,a,...a,, = A, in the same way we find 


(b,b2b5 . «st Ons A) = (b,b5...bn> A) 
BB ib os Al eaaae be Aye 


g. The problem of finding the greatest common divisor of 
more than two numbers reduces to the same problem for two 
numbers. Indeed, in order to find the greatest common divisor 
of the numbers a,, a,, ..., a, we form the sequence of numbers: 


(a,, a) = da, (d,, ay) = ds, (ds, a4) = da, oes (day a,,) = d,. 


The number d,, is also the greatest common divisor of all the 
given numbers. 

Indeed (1, d), the common divisors of the numbers qa, and a, 
coincide with the divisors of d,; therefore the common divisors 
of the numbers aj, a, and a; coincide with the common divisors 
of the numbers d, and ay, i.e. coincide with the divisors of ds. 
Moreover, we can verify that the common divisors of the num- 
bers a,, @3, ds, @4 coincide with the divisors of d,, and so forth, 
and finally, that the common divisors of the numbers a, @:, 

+, @, coincide with the divisors of d,. But since the largest 
divisor of d, is d, itself, it is the greatest common divisor of 
the numbers q, a2, ..., dp. 

Considering the above proof, we can see that theorem 1, d 
is true for more than two numbers also. Theorems 1, e and 
2, e are also true, because multiplication by m or division by 


6 of all the numbers a,, a,, ..., a, causes all the numbers 


d,, d;, ..., d,, to be multiplied by m or to be divided by 5. 


$3. The Least Common Multiple 


a. Any integer which is a multiple of each of a set of given 
numbers, is said to be their common multiple. The smallest 
positive common multiple is called the least common multiple. 

b. We first consider the least common multiple of two num- 
bers. Let M be any common multiple of the integers a and b. 
Since it is a multiple of a, M = ak, where é is an integer. But 
M is also a multiple of 6, and hence 

ak 
b 


must also be an integer which, setting (a, 6) = d, a = aid, 





b = b,d, can be represented in the form a , Where (a,, b,) = 1 


1 
(2, e, $2). Therefore (2, f, $2) & must be divisible by b,, 


k= bt= ri where ¢ is an integer. Hence 


ab 
M= —t. 
d 
Conversely, it is evident that every M of this form is a mul- 
tiple of a as well as 5, and therefore, this form gives all the 
common multiples of the numbers a and b. 
The smallest positive one of these multiples, i.e. the least 
common multiple, is obtained fort=1. It is 
ab 
ns~. 
d 
Introducing m, we can rewrite the formula we have obtained 
for M as: 


M = mt. 


The last and the next to the last equations lead to the 
theorems: 

1. The common multiples of two numbers are identical with 
the multiples of their least common multiple. 

2. The least common multiple of two numbers is equal to 
their product divided by their greatest common divisor. 

c. Assume that we are now required to find the least common 
multiple of more than two numbers a, a), ..., @,- Letting the 
symbol m(a, b) denote the least common multiple of the num- 
bers a and b, we form the sequence of numbers: 


mia, a;) = Ma, m(m,, a,) = Myy oo ey m(mpos a,) =Mype 


The m,, obtained in this way will be the least common multiple 
of all the given numbers. 

Indeed (1, b), the common multiples of the numbers a, and 
a, coincide with the multiples of m,, and hence the common 
multiples of the numbers a,, a, and a; coincide with the common 
multiples of m, and ay, i.e. they coincide with the multiples of 
my. It is then clear that the common multiples of the numbers 
G1, Q3, dy, a, coincide with the multiples of m4, and so forth, 
and finally, that the common multiples of the numbers ai, a, 

., @, coincide with the multiples of m,, and since the small- 
est positive multiple of m, is m, itself, it is also the least 
common multiple of the numbers ay, aa, ..., Up: 

Considering the proof given above, we see that theorem 
1, b is also true for more than two numbers. Moreover, we 
have shown the validity of the following theorem: 

The least common multiple of pairwise prime numbers is 
equal to their product. 


$4. The Relation of Euclid’s Algorithm to Continued Fractions 


a, Let a be an arbitrary real number. Let q be the largest 
integer which does not exceed a. 
For a non-integer a, we have 


R 
is) 
| 
iQ 
wn 
+ 
oe 
& 
Vv 
_ 





from which we obtain the following development of « in a con- 
tinued fraction: 


(1) oe 


1 





qs-1 + 
8 


If a is irrational, then it is evident that there can be no 


integers in the sequence a, o,, ..., and the above process 
can be continued indefinitely. 

If « is rational, then, as we shall see later (b), there will 
eventually be an integer in the sequence ao, a,,..., and the 
above process will be terminated. 

b. If « is an irreducible rational fraction, then the develop- 
ment of « in a continued fraction is closely connected with 


Euclid’s algorithm. Indeed, we have 


a r, 
a = bq,+ 723 —=q,+—, 
b b 
b rs 
b = r9y+ 135 SS gp hy 
ry ry 
lr, ls 
Ty = Tada + Tas —_= Is t+ >» 
rs Py 


Th Tn 











Th-2 = Tno19n-1 + Tn = Qn + ’ 
Tht Tacs 
Tho 
Pn-1 = 'nGns = ns 
Th 
from which we find 
a l 
—=q,+ 
b , 1 
qr + 
qa + 
1 
panna 
dn 


c. The numbers q,, q,, ..., Which occur in the expansion of 
the number o in a continued fraction, are called the partial 
quotients (for the case of rational o these are, by b, the par- 
tial quotients of the successive divisions of the Euclidean 
algorithm), and the fractions 


1 1 
5. = qi 8, = 4, + —> 02-9, ra ee 
q2 1 


are called the convergents. 
d. The very simple rule for the formation of the convergents 
is easily obtained by noting that 5,(s > 1) is obtained from 
1 
5,1 by replacing q,_1 in the expression for 5g, by ga-1 + ——> 
8 
Indeed, setting P, = 1, Q, = 0, for the sake of uniformity, 
we can represent the convergents recursively in the following 
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P 





way (when the equation B = is written here, it means 


that 4 is denoted by the symbol P,, and B by the symbol Q,): 


1 
tee, pei ae aT Ws Pe Py Pe 
: 1 Q, 1 q'1+0 922, + Qo Q, 


(0 “ 4) 0, +0, 932, + Q, Q; 


etc., and in general 


Gel ous + Pees Ps 


— ee 
GeQe-t + Ces Q, 
Thus the numerators and the denominators of the convergents 


can be recursively calculated by means of the formulae 


— 
eo 


Py = GaP a-1 + eee 
Q, = qeQs-1 + Opes: 


(2) 


These calculations can easily be carried out by means of the 


following schema: 
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105 





Example. Develop the number in a continuous fraction. 


Here 





e. We now consider the difference 5, — 5,_, of successive 
convergents. Fors > 1, we find 


a 
Qs Qs 1 7 QsQs—1 


where A, = P,Qs_1 — QsPs_13 replacing P, and Q, by their ex- 


8 


5s = Be—1 = 











pressions in (2) and making the evident simplifications, we 
find that Ah, = —A,_,. The latter, in conjunction with 
h, = q,.0- 1°1 = -1, gives h, = (-1)*. Thus 
(3) PiQout > Qs Psu1 = (-1)° (s > 0), 
12 


(-1)* 
Q, Qs 





(4) ee a (s > 1). 


Example. In the table of the example given in d, we have 
105° 17 ~ 38°47 = (-1)* = -1. 


f. It follows from (3) that (P,, Qs) divides (-1)*° = +1 





Ps 
(2, b, $1). Hence (P,, Qs) = 1, i.e. the convergents are 
irreducible. 
g. We now investigate the sign of the difference 5, — a for 


5, which are not equal to « (i.e. we exclude the case in which 
6, is the last convergent for rational «). It is evident that 6, 

is obtained by replacing a, by qq in the expression (1) for a. 

But, as is evident from a, as a result of this replacement 


Gis is decreased, 
&,-, is increased, 
GM ». is decreased, 


ooo er rrr ese eee ew wo ooe 


is decreased for odd s, 
is increased for even s. 


Therefore 5, — « < 0 for odds and 5, — « > O for even s, 
and consequently, the sign of 6, — @ coincides with the sign 
of (-1)°. 

h. We have 


1 
jee Ba|'< a 
2.0 sas 


Indeed, for 5, = a this assertion follows (with the equality 
sign) from (4). For 5, unequal to a, it follows (with the in- 
equality sign) from (4) and from the fact that, 6, — a and 
5,1 — o have different signs, because of g. 
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&5. Prime Numbers 


a. The number 1 has only one positive divisor, namely 1. 

In this respect the number ] stands alone in the sequence of 
natural numbers. 

Every integer, greater than 1, has no fewer than two divisors, 
namely 1 and itself; if these divisors exhaust all the positive 
divisors of an integer, then it is said to be prime. An integer 
> 1 which has positive divisors other than ] and itself, is said 
to be composite. 

b. The smallest divisor, different from one, of an integer 
greater than one, is a prime number. 

Indeed, let g be the smallest divisor, different from one, of 
the integer a > 1. If q were composite, then it would have 
some divisor q, such that 1 < q, < q; but the number a, being 
divisible by g, would also be divisible by q, (1, b, $1), and 
this contradicts our hypothesis concerning the number q. 

c. The smallest divisor, different from 1, of a composite 
number a (by b, it will be prime) does not exceed Va. 

Indeed, let g be this divisor; then a = qa,, a, > q from 
which, multiplying by q, we obtain a > g?,q < Va . 

d. The number of primes is infinite. 

The validity of this theorem follows from the fact that no 
matter what different primes p,, p,, --+, P, are considered, we 
can obtain a new prime which is not among them. Such a 
prime is any prime divisor of the sum p,p,..-px + 1 which, 
dividing the whole sum, cannot be equal to any of the primes 
Pir Par «+s Px (2, b, $2). 

e. There is a simple method, called the sieve of Eratos- 
thenes, for the formation of a table of the primes not exceed- 
ing a given NV. It consists of the following. 

We write down the numbers 


(1) Lig Qype es 


The first number of this sequence greater than one is 2; it 
is only divisible by 1 and itself, and hence it is a prime. 
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We delete from the sequence (1) (since they are composite 
numbers) all the numbers which are multiples of 2, except 2 it- 
self. The first number following 2 which is not deleted is 3; 
it is not divisible by 2 (otherwise it would have been deleted), 
and hence 3 is divisible only by 1 and itself, and hence it is 
also prime. 

Delete from the sequence (1) all the numbers which are 
multiples of 3, except 3 itself. The first number following 3 
which is not deleted is 5; it is not divisible by either 2 or 3 
(otherwise it would have been deleted). Therefore 5 is divis- 
ible only by 1 and itself, and therefore it is also prime. 

And so forth. 

When this process has deleted all the numbers which are 
multiples of primes less than the prime p, then all the numbers 
remaining which are less than p? are primes. Indeed, every 
composite number a which is less than p’ has already been 
deleted since it is a multiple of its smallest prime divisor 
which is < Va < p. This implies: 

1. In the process of deleting the multiples of the prime p, 
this set of deleted numbers must start with p’. 

2. The formation of the table of primes < N is completed 
once we have deleted all the composite multiples of primes 


not exceeding VN . 


$6. The Unicity of Prime Decomposition 


a. Every integer a is either relatively prime to a given prime 
p, or is divisible by p. 

Indeed, (a, p), being a divisor of p, is either 1 or p. In the 
first case, a is relatively prime to p, and in the second, ais 
divisible by p. 

b. If the product of several factors is divisible by p, then 
at least one of the factors is divisible by p. 

Indeed (a), every factor is either divisible by p or is rela- 
tively prime to p. If all the factors were relatively prime to p, 
then their product (3, f, $2) would be relatively prime to p; 
therefore at least one factor is divisible by p. 
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c. Every integer greater than one can be decomposed into 
the product of prime factors and uniquely, if we disregard the 
order of the factors. 

Indeed, let a be an integer greater than unity; if p, is its 
smallest prime divisor, then a = p,a,. If a, > 1, then if p, is 
its smallest prime divisor, we have a, = p,a,. Ifa, > 1, then, 
in exactly the same way, we find a, = p,ay, etc. until we come 
to some a, equal to one. Then a,_, = p,. Multiplying all 
these equations together, and simplifying, we obtain the fol- 
lowing decomposition of a into prime factors: 


a = PiP2+++Pn:> 


Assume that there exists a second decomposition of the 
same a into prime factors a = q,q,.--qs- Then 


PiP2°+*Pn = 9192++°Qs 


The right side of this equation is divisible by g,. There- 
fore (b), at least one of the factors of the left side must be 
divisible by g,. For example, let p, be divisible by q, (in 
the order of enumeration in our arrangement) then p, = q, (p, 
is divisible only by p, except for 1). Dividing both sides of 
the equation by p, = q,, we have p,p3..-Pna = 4293+++Qs* 
Repeating the preceding argumentation applied to this equa- 
tion, we find p,...pn = 43++-Qay etc., until we finally find 
that all the factors on one side, say the left side, are divided 
out. But all the factors on the right side must be cancelled 
simultaneously since the equation 1 = qn4,...qe for Qnas, 

-, 7s greater than 1, is impossible. 

Therefore the second decomposition into prime factors is 
identical with the first. 

d. In the decomposition of the number a into prime factors, 
several of them may be repeated. Letting p,, p.,.-+, Px be 
the different primes and «,, a,,..., &, be the multiplicity of 
their occurrence in a, we obtain the so-called canonical de- 
composition of a into factors: 
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a 
a = py 'p;?.. 


PR 

Example. The canonical decomposition of the number 
588 000 is: 588 000 = 2°°3°5°°7?, 

e. Let a = p;"py?...p,* be the canonical decomposition of 
the number a. Then al! the divisors of a are just all the num- 
bers of the form 


d= p,Piph ... phe; 


(1) 


O< Bi, < o, O<¢ B, < o, ooey O< Be & O%&. 


Indeed, let d divide a. Then (b, $1) a = dq, and therefore 
all the prime divisors of d enter into the canonical decomposi- 
tion of a with indices no sma}ler than those with which they 
enter into the canonical decomposition of d. Therefore d is of 
the form (1). 

Conversely, every d of the form (1) evidently divides a. 

Example. All the divisors of the number 720 = 24 °37°5 
can be obtained if we let 8,, 6,, 8, in 29138 15's run inde- 
pendently through the values 6, = 0, 1, 2, 3, 4; 6, = 0, 1, 2; 
8, = 0, 1. Therefore these divisors are: 1, 2, 4, 8, 16, 3, 6, 
12, 24, 48, 9, 18, 36, 72, 144, 5, 10, 20, 40, 80, 15, 30, 60, 
120, 240, 45, 90, 180, 360, 720. 


Problems for Chapter I 


1. Let a and 6 be integers which are not both zero, and let 
d = ax, + by, be the smallest positive number of the form 
ax + by (x and y integers). Prove that d = (a, 6). From this 
deduce theorem 1, d, $2 and the theorems of e, $2. Generalize 
these results by considering numbers. of the form ax + by + 
+...+ fu. 

2. Prove that, of all the rational numbers with denominators 





8 
represents the number a most 


< Q,, the convergent 6, = 


exactly. 
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3. Let the real number a be developed in a continued frac- 
tion; let NV be a positive integer, let k be the number of decimal 
digits in it, and let n be the largest integer such that Q, < N. 
Prove that n ¢ 5k + 1. In order to prove this, compare the 
expressions for Q,, Q;, Q,, --., Q,, with those which would 
occur if all the g, were equal to 1, and compare the latter with 
the numbers 1, E, &?, ..., &"~? where E is the positive root of 
the equation 6? = & + 1. 

4. Let z > 1. The sequence of irreducible rational fractions 
with positive denominators not exceeding 7, arranged in in- 
creasing order, is called the Farey series corresponding to 7. 

a. Prove that the part of the Farey series corresponding to 
7, Containing fractions a such that 0 < a ¢ 1, can be ob- 
tained in the following way: we write down the fractions 


0 1 . O+1 1 
—,—. If2<¢ 7, then we insert the fraction = > 


1 1 1+1 





0 


between these fractions, and then in the resulting sequence Tie 


a c 
im a between every two neighboring fractions —~ and — 


2 1 1 


a,+ Cy 


with 6, + d, < r we insert the fraction , and so 


i+d, 


forth as long as this is possible. First prove that for any two 


a c 
pairs of neighboring fractions a and 7 of the sequence, ob- 


tained in the above manner, we have ad — bc = —1. 


b. Considering the Farey series, prove the theorem: let 
7 > 1, then every real number « can be represented in the 


form 





P 
a= —+ 
Q 
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c. Prove the theorem of problem b using h, $4. 
5, a. Prove that there are an infinite number of primes of 


the form 4m + 3. 


b. Prove there are an infinite number of primes of the form 
6m + 5. 

6. Prove that there exist an infinite number of primes by 
counting the number of integers, not exceeding N, whose 
canonical decomposition does not contain prime numbers dif- 
ferent from p,, pa, +++5 Pre 

7. Let K be a positive integer. Prove that the sequence of 
natural numbers contains an infinite set of sequences M, M + 
+ 1,...,4f + K — 1, not containing primes. 

8. Prove that there are an infinite number of composite 
numbers among the numbers represented by the polynomial 
ax" + a,x" +... + Gp, where n > 0, a), a,,..., Gp are 
integers anda, > 0. 

9, a. Prove that the indeterminate equation (1) x7 + y’? = 2’, 
x >0,y > 0,z > 0, (x, y, z) = Lis satisfied by those, and 
only those, systems x, y, z for which one of the numbers x 
and y is of the form 2uv, the other of the form u? — v’, and 
finally z is of the form u? + v?; hereu > v > 0, (u, v) = 1, 
uv iS even. 

b. Using the theorem of problem a, prove that the equation 
x‘ + y‘ = z* cannot be solved in positive integers x, y, z. 

10. Prove the theorem: if the equation x” + a,x" +... + 
+ a, = 0, wheren > O and a,, a,,..., a, are integers, has a 
rational root then this root is an integer. 


1 1 
11,a,LetS = — +— + ...4—3;n > 1. Prove that S 
2 3 n 
iS not an integer. 
l l 1 
b. Let S = — + — +... + ———;2 > 0. Prove that S 
3 5 2n + 1 


iS not an integer. 
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12. Let n be an integer, n > 0. Prove that al! the coef- 
ficients of the expansion of the Newtonian binomial (a + 6)” 
are odd if and only if n is of the form 2* — 1. 


Numerical Exercises for Chapter I 


1, a. Applying the Euclidean algorithm, find (6188, 4709). 
b. Find (81 719, 52 003, 33 649, 30 107). 
125 


2, a. Expanding a = a5 in a continuous fraction and form- 





ing the table of convergents (d, $4), find: «) 5,; 8) the repre- 
sentation of « in the form considered in problem 4, b, with 
t = 20. 


; 5391 | 
b. Expanding a = ——— in a continuous fraction and form- 


3976 

ing the table of convergents, find: a) 5,; 8) the representation 
of a in the form considered in problem 4, b, with r = 1000. 

3. Form the Farey series (problem 4) from 0 to 1, excluding 
1, with denominators not exceeding 8. 

4. Form the table of primes less than 100. 

5, a. Find the canonical decomposition of the number 
82 798 848. 

b. Find the canonical decomposition of the number 


81 057 226 635 000. 
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CHAPTER II 


IMPORTANT NUMBER- 
THEORETICAL FUNCTIONS 


$1. The Functions (xl, {xt 


a. The function [x] plays an important role in number theory; 
it is defined for all real numbers x and is the largest integer 
not exceeding x. This function is called the integral part of x. 

Examples. 


[7] = 7; (2.6) = 2; [4.75] = -5. 


The function {x} = x — [x] is also considered sometimes. This 
function is called the fractional part of x. 
Examples. 


{7} = 0; {2.6} = 0.6; [-4.75} = 0.25. 


b. In order to show the usefulness of the functions we have 
introduced, we prove the theorem: 

The power with which a given prime p enters into the product 
n! is equal to 


Indeed, the number of factors of the product n! which are 
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multiples of p is Al ; of these the number of multiples of p’ 
P 


is | ; of the latter the number of multiples of p’ is al ; 
etc. The sum of the latter numbers gives the required power 
since each factor of the produet n! which is a multiple of the 
maximal p™ is counted m times by the above process, as a 
multiple of p, p’, p’, ..., and finally, p™, 

Example. The power to which the number 3 enters into the 
product 40! is 


40 40 40 
see Ge [eel a La es 1S 
3}. [9 27 


$2. Sums Extended over the Divisors of a Number 


a. Multiplicative functions play an important role in number 
theory. A function O(a) is said to be multiplicative if the 
following conditions are satisfied: 

1. The function Qa) is defined for all positive integers a 
and is not equal to zero except possibly for at most one such a. 

2. For any two relatively prime positive integers a, and a,, 
we have 


6 (a,a,) = O(a,) O(a,). 


Example. It is not difficult to see that the function 0(a) = 
= a", where s is any real or complex number, is multiplicative. 
b. From the aforementioned properties of the function 6 (a) 

it follows in particular that @(1) = 1. Indeed, let 6(a,) be 
different from zero, then 0 (a,) = O(1°a,) = 0(1)@(a,), i.e. 
6(1) = 1. Moreover we have the following important property: 
if 6,(a) and 6,(a) are multiplicative functions, then 6,(a) = 

= 0,(a)6,(a) is also a multiplicative function. Indeed, we find 


that 
6(1) = 8,(1)6,(1) = 1. 
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Moreover, for (a,, a,) = 1, we find 


O,(a,a,) = 0,(a,a,)6,(a,a,) = 0,(a,)0,(a,)0,(a,)0,(a,) = 
6,(a,)6,(a,),(a,)0,(a,) = 69(2,)69(a,). 


Il 


c. Let O(a) be a multiplicative function and let a = 
= py 'p;?...px* be the canonical decomposition of the number 


a. Then, denoting by the symbol ). the sum extended over 
d\a 


all the divisors d of the integer a, we have 


>, O(d) = (1 + O(p,) + O(p3) + 0. + Olpf)) «.. 


d\a 


wee (1 + Olpy) + O(py) + 0. + Olpge)) 


(if a = 1 the right side is considered to be equal to 1). 
In order to prove this identity, we multiply-out the right 
side, Then we obtain a sum of terms of the form 


6 (pEt) 6 (p22)... (p&k) = 0 (pip... pe); 
Og Bie 69:0 Bah Oy tery 0 SBS Os 
where no terms are lacking and there are no repeated terms, 


and this is exactly the situation on the left (e, $6, ch. 1). 
d. For 6(a) = a® the identity of c takes on the form 


(1) 2od? = (1+ po + pee t+... + prt)... 
d\a 
oe (L + ph + Pic tices + ppk?). 


In particular, for s = 1, the left side of (1) represents the 
sum of the divisors S(a) of the number a. Simplifying the right 
side we find 


pret — 1 pet - 1 pre — 1 


Pi- i P,; -— 1 Pr - 1 
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Example. 


Fors = 0, the left side of (1) represents the number of 
divisors 7(a) of the number a and we find 


r(a) = (a, + 1) (a, + 1)... (a, + 1D). 


Example. 


7(720) = (4 + 1)(2 + 1)(1 + 1) = 30. 
$3. The Mobius Function 


a. The Mébius function p (a) is defined for all positive 
integers a. It is given by the equations: yp(a) = 0, if ais 
divisible by a square different from unity; (2) = (1)* if a 
is not divisible by a square different from unity, where k de- 
notes the number of prime divisors of the number a; in particu- 
lar, for a = 1, we let & = 0, and hence we take p(1) = 1. 

Examples. 


#1) = 1, u(5) = -l, u(9) = 0, 
p(2) = -1, p(6) = 1, #(10) = 1, 
p(3) = -l, u(7) = 1, (11) = -1, 
u(4) = 0, p(8) = 0, (12) = 0. 


b. Let O(a) be a multiplicative function and let 
a = p,'p,?...pRe 
be the canonical decomposition of the number a. Then 


L u (dad) = (1 — O(p,))(1 — Op,))... (L — Op,)). 
d\a 
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(Ifa = 1 the right side is taken to be equal to 1.) 

Indeed it is evident that the function p(a) is multiplicative. 
Therefore the function 6,(a) = p (a) (a) is also multiplicative. 
Applying the identity of c, $2 to the latter, and noting that 
6,(p) = —O(p); 0,(p*) = 0 for s > 1, we have proved the va- 
lidity of our theorem. 

c. In particular, setting 0(a) = 1, we obtain from b, 


= 0,ifa> 1, 
>. pid) 
d\a 
= l,ifa = 1. 
1 
Setting 0(d) = ri we find 


Il 
wo 
I 
Sie 
Se 
We 
{ 
Ble 
So” 
-—— 
I 
= | 
SMe ee 
: 
Vv 
a 


os p(d) 
d\a d 
=, ifa = l. 


d. Let the real or complex f = fy, fay +++ fn correspond to 
the positive integers 5 = 8,, 53, «++, 5n- Then, letting S’ be 
the sum of the values of f corresponding to the values of 5 
equal to 1, and letting Sg be the sum of the values of f cor- 
responding to the values of 5 which are multiples of d, we 
have 


S’= Dw dSa, 


where d runs through all the positive integers dividing at least 
one value of 6. 
Indeed, in view of c we have 


S’=f, 2, pid) + f do pd) +... + fade pldd. 
d\ 3, d\ 8, d\ 5, 


va) 


Gathering those terms with the same value of d and bracketing 
the coefficient of this y(d), the bracket contains those and 
only those f whose corresponding 6 are multiples of d, and 
this is just Sy. 


$4. The Euler Function 


a, Euler’s function (a) is defined for all positive integers 
a and represents the number of numbers of the sequence 


(1) OG, lyse eel 
which are relatively prime to a. 
Examples. 
(1) = 1, (4) = 2, 
p(2) = 1, g(5) = 4, 
p(3) = 2, (6) = 2 
b. Let 
(2) a = prtpa?+ ++ PK 


be the canonical decomposition of the numbera. Then 


1 1 1 
(3) pla) = af 1 ~—](1-— ]}... [1-— 
Pr Pa Pk 


or also 

(4) pla) = (py? — pet) (pet = prt)... ek - pes 
in particular, 

(5) p(p*) = p* = p*", o(p) = p- 1. 


Indeed we apply the theorem of d, $3. Here the numbers 
5 and the numbers f are defined as follows: let x run through 
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the numbers of the sequence (1); to each value of x let the 
number 5 = (x, a) and the number f = 1 correspond, 

Then S’ becomes the number of values 5 = (x, a) equal to 
1, i.e. becomes g(a), Moreover Sy becomes the number of 
values & = (x, a) which are multiples of d. But (x, a) can be 
a multiple of d only if d is a divisor of the number a. On the 
strength of these conditions S, reduces to the number of values 


of x which are multiples of d, i.e. to = Thus we find 


la) = 2, Ha 


d\a 


from which formula (3) follows in view of c, $3, and formula 
(4) follows from (3) in view of (2). 


Examples. 


Hon = -t)p-2)( -t) +1 
2 3 5 


(81) = 81 — 27 = 54; 
~(5)= 5-1 = 4. 


c. The function (a) is multiplicative function. 
Indeed, for (a,, a,) = 1, it follows evidently from b that 


pla,a,) = ¢(a,) p(a,). 


Example. ~(405) = (81) 9(5) = 54-4 = 216. 


d. 2, 9(d) =a. 
d\a 
In order to prove the validity of this formula we apply the 
identity of c, $2, which for O(a) = ¢(a) gives 


p(d) = (1 + (p,) + lpi) +... + glpyt))... 
(1 + lpg) + Plpe) + + + GORD), 
Zt 


In view of (5), the right side can be rewritten as 


(1 + (p, — 1) + (p? — p,) +... + (pt = pot"))... 
wee (1 + (pe — 1) + (pi — pa) + cee + (pee — pe*)), 
which turns out to be equal to p;1p;?...py* = a after gather- 
ing similar terms in each large parenthesis. 
Example. Setting a = 12, we find 
p(1) + (2) + p(3) + pl4) + 9(6) + ¢(12) = 
=1+1+2+2+2+4+4= 12. 


Problems for Chapter II 


1, a. Let the function f(x) be continuous and non-negative 
in the interval Q < x < R. Prove that the sum 


ffs 


Q<x€R 


is equal to the number of lattice points (points with integer 
coordinates) in the plane region: 0 << x ¢ R, O< y « f(x). 

b. Let P and Q be positive odd relatively prime integers. 
Prove that 


AN ee ae 


P 
O<x<— o<y<— 
2 2 








c. Letr > 0 and let T be the number of lattice points in 
the region x? + y? < 7. Prove that 





T=1+ 4r] + 8 = veal fe] 


<x 
S/2 
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d. Let n > 0 and let T be the number of lattice points of 
the region x > 0, y > 0, xy <n. Prove that 


io ae + ~{[Vvnl’. 


o<x</n L* 


2. Let n > 0, m an integer, m > 1, and let x run through 
the positive integers which are not divisible by the m-th power 
of an integer exceeding 1. Prove that 


EV = | sa, 


3. Let the positive numbers « and B be such that 
[ox], x = 1, 2, ...; [By], y = 1, 2,... 


form, taken together, all the natural numbers without repeti- 
tions, Prove that this occurs if and only if @ is irrational and 


1 1 
—+—7el1. 
a 6 


4, a. Letz > 1,¢ = [7], and let x,, x, ..., x, be the num- 
bers 1, 2,..., ¢ in some order so that the numbers 


0, fax, t, fax, }, ree fox, t, 1 


are non-decreasing. Prove the theorem of problem 4, b, ch. I, 
by considering the differences of neighboring numbers of the 
latter sequence. 

b. Let X, Y,..., Z be real numbers, each of which is not 
less than 1; let a, B, ..., y be real numbers. Prove that there 
exist integers x, y, ..., z, not all zero, and an integer u, 
satisfying the conditions: 


2g 


lx| < X, lyl < Y,..., lz] < Z, 


(x, y,-..,z) =], lox + By +...+ yz-u| < ——_ 
z ALN tule 


5. Let a be a real number, c an integer, c > 0. Prove that 


E Oo 
e | |e 
6, a. Let a, 8,..., A be real numbers. Prove that 


[a+ B+...+A]) > lol + (8) +... + Dl. 


b. Leta, b,...,/ be positive integers, andleta + b+... 
. + lL =n. Applying b, $1, prove that 


n! 


alb!...U! 


is an integer, 
7. Let h be a positive integer, p a prime and 


Representing / in the form h = pyum + Pmailmor + «+> 

. + pyu, + po, where u,, is the largest u, not exceeding h, 
Pm is the largest multiple of u,, which does not exceed h, 
Pm-iUm, iS the largest multiple of u,,_, which does not ex- 
ceed h — pmttms Pm-2%m2 iS the largest multiple of u,,_, 
which does not exceed h — p,.Um — Pmui%m_1 Ct, prove that 
numbers a such that the number p enters into the canonical 
representation of a! with the power h, exist if and only if all 
the pris Pmois © ++» Pay Po are less than p, while, if this occurs, 
the numbers a are just all the numbers of the form 
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@ = Pp” + PmiyP™ + +++ + Pip? + PoP + P's 


where p’ has the values 0, 1,..., p — 1. 
8, a. Let the function f(x) have a continuous second deriva- 
tive in the interval 0 < x ¢ R. Setting 


1 
p(x) = S — fxt, o(x) = [ eteee 


prove (Sonin’s formula) 


R 


> Tes J fle)dx + p (RR) — p (OVO) - 


Q<xgR 


~ aAAR)f7(R) + o(Q)f7(Q) + [ ocayreaee 


e 


b. Let the conditions of problem a be satisfied for arbi- 


(oe) 


trarily large R, while i | f’’(x)| dx converges. Prove that 
R 


R 
= fix) = C+ i f(x)dx + p(R)AR) - 
Q<xER 6 


— ol R)f(R) - [ ong, 


R 


where C does not depend on R. 


| 4 | 
B 





c. If B takes on only positive values and the ratio 


is bounded above, then we write A = O(B), 
Let n be an integer, n > 1. Prove that 


In(n!) = nalnn — n + O(lnn) 
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9, a. Letn > 2, A(z, z,) = 2. Inp, where p runs through 
Zg<pKz 
the primes, Moreover, let @(z) = @(z, 0) and for x > 0, 
wlx) = Ox) + O(Vx) + O(Vx) +... 


Prove that 


3) In (Cal) = wn) 4 (2) + (5) ere 


B) Wn) < 2n 
) 8 (« *). (2, *\. 0(2, . itape 
2 3 4 5 6 
=nin2 + On ). 


b. Forn > 2, prove that 


Inp 


z 


pgkn P 





= Inn + O(1), 


where p runs through the primes. 

c. Let ¢ be an arbitrary positive constant. Prove that the 
sequence of natural numbers contains an infinite number of 
Pairs Pp; Pry, Of prime numbers such that 


Pog < Pr(l + ©). 


d. Letn > 2. Prove that 


1 1 
EA = C+ Intnn + of i: 
pXn P Inn 


where p runs through the primes and C does not depend on n. 
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e, Let n > 2. Prove that 


a b-5) eb oles) 


where p runs through the primes and C, does not depend on n. 
10, a. Let @(a) be a multiplicative function, Prove that 








0,(a) = ); 0(d) is also a multiplicative function. 
d\a 
b. Let the function 6 (a) be defined for all positive integers 


a and let the function (a) = ), 0(a) be multiplicative. 
d\a 
Prove that the function 9(a) is also multiplicative. 

11. Form > 0, let 7,,(a) denote the number of solutions of 
the indeterminate equation x,x,...%m = @(X,, %q) «++ Xm uN 
through the positive integers independently of one-another); 
in particular, it is evident that 7,(a) = 1, 7,(a) = r(a). Prove 
that 

a, 7,,(a) is a multiplicative function. 

b, If the canonical decomposition of the number a is of the 
form a = p,pzP3+++Pxs then 7,,(a) = m*. 

c. If « is an arbitrary positive constant, then 





d. 2, 7m(a) is equal to the number of solutions of the in- 
o<an 


equality x,%,...%m < a im positive integers x,, %,, .++) Xm: 
12, Let R(s) be the real part of the complex numbers. For 


@ 
1 ’ 
R(s) > 1, we set ¢(s) = )* —~. Let m be a positive integer. 





net 7 
Prove that 
© 7 _{n) 
(¢(s))™ = yo =e 
nel 
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13, a. For R(s) > 1, prove that 


1 
é(s) =I] ——_ 


where p runs through all the primes. 
b. Prove that there exist an infinite number of primes, start- 
ing from the fact that the harmonic series diverges. 


c. Prove that there exist an infinite number of primes, start- 
2 


7 
ing from the fact that €(2) = oe is an irrational number. 


14. Let A (a) = Inp fora = p', where p is a prime and | 
is a positive integer; and let A (a) = 0 for all other positive 
integers a. For R(s) > 1, prove that 


(s)_@ A@) 








¢(s) nal n® 


15. Let R(s) > 1. Prove that 








where p runs through all the primes. 
16, a. Letn > 1. Applying d, $3, prove that 


l= 2 pid) 5 d 
0<d€n d 


b. Let M(z, z,) = om pia); M(x) = M(x, 0). Prove that 


Zz o< agz 


n n 

ao) M(n) + (5) + u(=). mcs yn > ts 
2 3 
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B) M (. =e (=, =} i u(z, =) ee ee A 
2 3° 4 a6 


c. Letn > 1, let / be an integer, / > 1, and let T,,,, be the 
number of integers x, such that 0 < x < n, which are not di- 


visible by the /-th power of an integer exceeding 1. Applying 
d, $3, prove that 


@ n 
Tn = 2 wd Lar 


-dal 


17, a. Let @ be a positive integer and let the function f(x) 
be uniquely defined for the integers x,, x,,..., m+ Prove 


Se Yt Wess, 
d\a 


where S’ is the sum of the values of f(x) extended over those 
values of x which are relatively prime to a, and Sq is the sum 
of the values of f(x) extended over those values of x which 
are multiples of d. 

b. Let & > 1 and consider the systems 


- oe a, e? ” or, ~ w(h) J (n) n) 
Xyy My ce eey Men MX 9% precy Xe 5 vey Hy 9 % eee tee 2 ’ 


each of which consists of integers, not all zero. Moreover, 
let the function f(x,, x,, ...,%,) be uniquely defined for these 
systems. Prove that 


S* =P wldSa, 


where S’ is the sum of the values of f(x,, x,, ..., x) extended 
over systems of relative prime numbers, and Sg is the sum of 
the values of f(x,, x,, ..., %,) extended over systems of num- 
bers which are all multiples of d. Here d runs through positive 
integers. 
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c. Let a be a positive integer, and let F(8) be uniquely de- 
fined for the divisors 5 of the number a. Setting 


G(s) = 2, F(d), 
d\$ 


prove (the inversion law for number-theoretic functions) 


F(a) = ayc{—), 
Euoo(5) 


d. Associate with the positive integers 
Bi, Oy) «+05 On 
arbitrary real or complex numbers 


hy fy BSED fn 


different from zero. Prove that 


M(d) 


P’ = TTP, 


where P’ is the product of the values f associated with values 
of & equal to one, and Pg is the product of the values f as- 
sociated with values of 5 which are multiples of d, where d 
runs through all the positive integers which divide at least 
one 0. 

18. Let a be an integer, a > 1, o,(n) = 17 + 2 +... + 
+ n™; let w,,(a) be the sum of the m-th powers of the numbers 
of the sequence 1, 2, ..., a which are relatively prime to a; 
let py, Pay «++» Px be all the prime divisors of the number a. 

a. Applying the theorem of problem 17, a, prove that 


Uma) = 2, pld)d™on, (5) 


d\a d 
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b. Prove that 


W,(2) = 5 7a), 


c. Prove that 


F (-1)* 
W,(a) = (= + OF pata) (a). 


19. Let z > 1, let a be a positive integer; let T, be the 
number of numbers x such that 0 < x <¢ z, (x, a) = 1; lete 


be an arbitrary positive constant. 
a. Prove that 


ew BEC) A 


d\a d 


b. Prove that 
z € 
T, = — gla) + Ola’). 
a 


c. Let z > 1; let 7(z) be the number of prime numbers not 
exceeding z; let a be the product of the primes not exceeding 


Vz. Prove that 


ee ya lz]: 


d\a 


20. Let R(s) > 1 and let a be a positive integer. Prove that 


ni ] 
oa 1-55). 





oe 


where, on the left side, n runs through the positive integers 
relatively prime to a, while, on the right side, p runs through 
all the prime divisors of the number a. 

21, a. The probability P that 4 positive integers x,, x,,..., 
x, are relatively prime is defined as the limit, as N —» a, of 
the probability Py that the & numbers x,, x,,..., x, are rela- 
tively prime, when these & numbers take on the values 1, 2, 

., N independently and with equal probability. Applying the 
theorem of problem 17, b, prove that P = (¢(k))™. 

b. Defining the probability of the irreducibility of the frac- 


x 
tion — as in problem a fork = 2, prove that P = a 
y 
22, a. Let r > 2 and let T be the number of lattice points 


(x, y) with relatively prime coordinates in the region x7 + y’ < 
<r. Prove that 


T = 


6 
—r? + O(rinr). 
7 


b. Let r > 2 and let T be the number of lattice points (x, y, 
z) with relatively prime coordinates lying in the region x? + 


+ y7 +z? <¢ r?, Prove that 
An 
3¢ (3) 





r+ Olr?) 


23, a. Prove the first theorem of c, $3, by considering the 
divisors of the number a which are not divisible by the square 
of an integer exceeding 1, and having 1, 2, ... prime divisors. 

b. Let a be an integer, a > 1, and let d run through the di- 
visors of the number a having no more than m prime divisors; 


Prove that)? u(d) > 0 for m even, and) | ud) < 0 for m odd. 
c. Under the conditions of the theorem of d, $3, assuming 
all the f to be non-negative and letting d run only through the 
numbers having no more than m prime divisors, prove that 
Ss” <p nd)Sa, 5’ Pay u(d)Sq 
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according as m is even or odd. 

d. Prove the validity of the same inequalities as in problem 
c, under the conditions of problem 17, a, assuming all the 
values of f(x) are non-negative, as well as under the conditions 
of 17, b, assuming all the values of f(x,, x,,..., X%) are non- 
negative, 


l 
24. Let « be an arbitrary constant such that 0 < ¢« < re let 
N be an integer, r = InN,O<q< NY S,0 <1 < q, (q, 1) = 1; 
let 7(N, q, 1) be the number of primes such that p < N,p = 
= gt + 1, where t is an integer, Prove that 
N(qr)® 
qr 


n(N, q, 1) = OCA); A = 


In order to prove this, setting h = r‘~£, the primes satisfy- 
ing the above condition can be considered to be among all 
numbers satisfying these conditions relatively prime to a, 
where a is the product of all primes which do not exceed e 
and do not divide g. We can then apply the theorem of problem 
23, d (under the conditions of problem 17, a) with the above a 
and m = 2A2Inr + 1). 


25. Let & be a positive even number, let the canonical de- 


h 


composition of the number a be of the forma = pyp,...p, and 
let d run through the divisors of the number a such that 0 < 


<d< Va. Prove that 
Did) = 0. 
d 


26. Let & be a positive integer, let d run through the posi- 
tive integers such that g(d) = k. Prove that 


>. #(d) = 0. 


27. Using the expression for cp(a), prove that there exist an 
infinite number of primes. 
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28, a. Prove the theorem of d, $4 by showing that the num- 
ber of integers of the sequence 1, 2, ..., @ which have the 


a 
same greatest common divisor 5 with a, is equal to » & ; 


b. Deduce expressions for ¢(a): 


a) using the theorem of problem 10, b; 
B) using the theorem of problem 17, c. 


29. Let R(s) > 2. Prove that 


7 Pn) (s - 1) 
Bae 2G) 


n 





30. Let n be an integer, n > 2, Prove that 
n 3 
>: g(m) = =n + O(n Ina). 
7 


m=l 


Numerical Exercises for Chapter II 


1, a. Find the exact power with which 5 enters into the 
canonical decomposition of 5258! (problem 5). 

b, Find the canonical decomposition of the number 125! 

2, a. Find r(2 800) and S(2 800). 

b. Find 7( 232 848) and S(232 848). 

3. Form the table of values of the function p(a) for all 
a= l, 2, ia, 100: 

4. Find a) (5040); B) p( 1 294 700). 

5. Form the table of values of the function ¢(qa) for all 
a= 1, 2,..., 50, using only formula (5), $4, and theorem 
c, $4. 
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CHAPTER IT 


CONGRUENCES 


81. Basic Concepts 


a. We will consider integers in relation to the remainders 
resulting from their division by a given positive integer m 
which we call the modulus. 

To each integer corresponds a unique remainder resulting 
from its division by m (ce, $1, ch. I); if the same remainder r 
corresponds to two integers a and 5, then they are said to be 
congruent modulo m, 

b, The congruence of the numbers a and 6 modulo mis 
written as 


a = b(mod m), 


which is read: a is congruent to 6 modulo m. 

c. The congruence of the numbers a and b modulo m is 
equivalent to: 

1. The possibility of representing ain the form a = b + mt, 
where t is an integer. 

2. The divisibility of a — b by m. 


Indeed, it follows from a = b(mod m) that 
a=mq+r,b=mq,+r;0¢gr<am, 
and hence 


a~b=m(qg-4q,),a= 6+ mt, t = (q - q,). 
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Conversely, from a = 6 + mt, representing 6 in the form 
b=mq,+r,0€r<m, 
we deduce 


@a=m@+rq=q+é, 


b(mod m) 


a 
Il 


proving assertion 1. 
Assertion 2 follows immediately from assertion 1. 


$2. Properties of Congruences similar to those of Equations 
a. Two numbers which are congruent to a third are congruent 
to each other. 
This follows from a, $1. 
b. Congruences can be added termwise. 
Indeed, let 
(1) a, = 6,(mod m), a, = b,(mod m),..., ay = b,(mod m) 
Then (1, c, §1) 
(2) a, = b, + mt, a, = b, + mt, ..., ay = by + mlx, 
and hence 
Q,+4,+...+G,=b,+b,4+...¢ bg + mt, tt +... 4+ leds 


or (1, c, $1) 


a, +a, +... + a, = b, + b, +... + b,(mod m) 
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A summand on either side of a congruence can be put on the 
other side by changing its sign. 

Indeed, adding the congruence a + 6 = c(mod m) to the evi- 
dent congruence —b = —b(mod m), we find a = c — b(mod m). 

Any number which is a multiple of the modulus can be added 
to (or subtracted from) any side of a congruence. 

Indeed, adding the congruence a = b(mod m) to the evident 
congtuence mk = O(mod m), we obtain a + mk = b(mod m). 

c. Congruences can be multiplied termwise. 

Indeed, we again consider the congruences (1) and deduce 
from them the equations (2), Multiplying equations (2) together 
termwise we find 


a,a,...a, = b,b,...b, + mN, 
where N is an integer. Consequently (1, c, $1), 
a,a,...a, = b,b,...b,(mod mz). 


Both sides of a congruence can be raised to the same power. 

This follows from the preceding theorem. 

Both sides of a congruence can be multiplied by the same 
integer. 

Indeed, mutliplying the congruence a = b(mod m) by the 
evident congruence k = k(mod m), we find ak = bk(mod m). 

d. Properties b and c (addition and multiplication of con- 
gruences) can be generalized to the following theorem. 

If we replace A, %,, %,, ..., X, in the expression of an 


integral rational function S = )'Ax;1x,?...x,* with integral 


coefficients, by the numbers B, y4, Yay +++) Yu Which are con- 
gruent to the preceding ones modulo m, then the new expres-~ 
sion S will be congruent to the old one modulo m. 

Indeed, from 


A = B(mod m), x, = y,(mod m), 


x, = y,(mod m), ..., x, = y,(mod m) 
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we find (c) 


A 


It 


B(mod m), x2? = y<1(mod m) 


x,2 = y{2(mod m), ..., xe* = yxk(mod m), 


Axfinga.. gk = Byftyl2...y¢(mod m) 


from which, summing, we find 
Di Axixy?...agk = Di Byr 2? ..-¥e (mod m). 


if 
a = b(mod m), a, = b,(mod m), ..., an = 5,(mod m), 
x = x,(mod m), 
then 


ax" + ax" +... 4 aq = bat + byxp* +... + b,(mod m). 


This result is a special case of the preceding one. 
e. Both sides of a congruence can be divided by one of their 
common divisors if it is relatively prime to the modulus. 
Indeed, it follows from a = b(mod m), a = a,d, b = b,d, 
(d, m) = 1 that the difference a — 6, which is equal to (a, — 
— b,)d, is divisible by m. Therefore (2, f, $2, ch. I) a, — }, 
is divisible by m, i.e. a, = b,(mod m). 


$3. Further Properties of Congruences 
a. Both sides of a congruence and the modulus can be 
multiplied by the same integer. 
Indeed, it follows from a = b(mod m) that 


a= 6b + mt, ak = bk + mkt 


and hence, ak = bk(mod mk), 
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b. Both sides of a congruence and the modulus can be 
divided by any one of their common divisors. 


Indeed, let 
a = b(mod m), a = a,d, b = b,d, m = md. 


We have 
a=b + mt, ad = bid + m,dt, a, = b, + mt 


and hence a, = b,(mod m,). 

c. If the congruence a = b holds for several moduli, then it 
also holds for the modulus equal to the least common multiple 
of these moduli. 

Indeed, it follows from a = b(mod m,), a = b(mod m,), ..., 
a = b(mod m,) that the difference a — 6 is divisible by all the 
moduli m,, m,,..-, mz. Therefore (c, $3, ch. I) it must be 
divisible by the least common multiple m of these moduli, 

i.e, a = b(mod m). 

d. /f a congruence holds modulo m, then it also holds 
modulo d, which is equal to any divisor of the number m. 

Indeed, it follows from a = b(mod m) that the difference 
a — b must be divisible by m; therefore (1, b, $1, ch. I) it 
must be divisible by any divisor d of the number m, i.e. 

a = b(mod d). 

e. If one side of a congruence and the modulus are divisible 
by some number then the other side of the congruence must 
also be divisible by the same number. 

Indeed, it follows from a = b(mod m) thata = 6 + mt, and 
if a and m are multiples of d, then (2, b, $1, ch. I) 6 must also 
be a multiple of d, as was to be proven. 

f. [fa = b(mod m), then (a, m) = (6, m). 

Indeed, in view of 2, b, $2, ch. I this equation follows im- 
mediately from a = b + mt. 


84. Complete Systems of Residues 


a. Numbers which are congruent modulo m form an 
equivalence class modulo m. 


It follows from this definition that all the numbers of an 
equivalence class have the same remainder r, and we obtain 
all the numbers of an equivalence class if we let g in the form 
mg + rrun through all the integers. 

Corresponding to the m different values of r we have m 
equivalence classes of numbers modulo m, 

b. Any number of an equivalence class is said to be a resi- 
due modulo m with respect to all the numbers of the equiva- 
lence class. The residue obtained for g = 0 is equal to the 
remainder r itself, and is called the least non-negative residue. 

The residue p of smallest absolute value is called the 
absolutely least residue. 


m m 
It is evident that we have p = r forr < a for r > Gate 


m 
have p = r — m; finally, if mis even andr = a, then we can 


m 
take for p either of the two numbers of and Ae ie 


2 
Taking one residue from each equivalence class, we obtain 
a complete system of residues modulo m. Frequently, as a 
complete system of residues we use the least non-negative 
residues 0, 1, ..., m — 1 or the absolutely least residues; the 
latter, as follows from our above discussion, is represented in 
the case of odd m by the sequence 


m—1 m-—- 1 
j wang hy Ody etege ’ 
2 2 








and in the case of even m by either of the two sequences 


m mm 
ee) eet On ate ae 
2 2 
m 

Sa, cake On Lah 

2 


46 


c. Any m numbers which are pairwise incongruent modulo m 
form a complete system of residues modulo m. 

Indeed, being incongruent, these numbers must belong to 
different equivalence classes, and since there are m of them, 
i.e, as many as there are classes, it follows that one number 
falls into each class. 

d. /f (a, m) = 1 and x runs over a complete system of resi- 
dues modulo m, then ax + b, where b is any integer also runs 
over a complete system of residues modulo m. 

Indeed, there are as many numbers ax + 6 as there are 
numbers x, i.e. m. Accordingly, it only remains to prove that 
any two numbers ax, + 6 and ax, + b corresponding to incon- 
gruent x, and x, will also be incongruent modulo m. 

But, assuming that ax, + b = ax, + b(mod m), we arrive at 
the congruence ax, = ax, (mod m), from which we obtain 
x, = x, (mod m) as a consequence of (a, m) = 1, and this 
contradicts the assumption of the incongruence of the num- 
bers x, and x,. 


$5. Reduced Systems of Residues 


a. By f, $3, the numbers of an equivalence class modulo m 
all have the same greatest common divisor relative to the 
modulus, Particularly important are the equivalence classes 
for which this divisor is equal to unity, i.e. the classes con- 
taining numbers relatively prime to the modulus. 

Taking one residue from each such class we obtain a re- 
duced system of residues modulo m. A reduced system of 
residues therefore consists of the numbers of a complete sys- 
tem which are relatively prime to the modulus. A reduced 
system of residues is usually chosen from among the numbers 
of the system of least non-negative residues 0, 1,...,m— 1. 
Since the number of these numbers which are relatively prime 
to mis ¢(m), the number of numbers of a reduced system, 
which is equal to the number of equivalence classes contain- 
ing numbers relatively prime to the modulus, is ¢(m). 
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Example. A reduced system of residues modulo 42 is 
1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41. 


b. Any g(m) numbers which are pairwise incongruent modulo 
m and relatively prime to the modulus form a reduced system 
of residues modulo m. 

Indeed, being incongruent and relatively prime to the 
modulus, these numbers belong to different equivalence clas- 
ses which contain numbers relatively prime to the modulus, 
and since there are ¢(m) of them, i.e. as many as there are 
classes of the above kind, it follows that there is one number 
in each class. 

c. If (a, m) = land x runs through a reduced system of 
residues modulo m, then ax also runs through a reduced sys- 
tem of residues modulo m. 

Indeed, there are as many numbers ax as there are numbers 
x, i.e. ~(m). By b, it only remains to prove that the numbers 
ax are incongruent modulo m and are relatively prime to the 
modulus. But the first was proved in d, $4 for the numbers of 
the more general form ax + 6, and the second follows from 
(a, m) = 1, (x, m) = 1. 


86. The Theorems of Euler and Fermat 
a. Form > 1] and (a, m) = 1, we have (Euler’s theorem): 
geen 24 (mod m). 
Indeed, if x runs through a reduced system of residues 
XK = Thy Vay cosy Tes C= G(m), 
which consists of the least non-negative residues, then the 
least non-negative residues p,, p,,.++) P¢ of the numbers 


ax will run through the same system, but, generally speaking, 
in a different order (c, $5). 
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Multiplying the congruences 
ar, = p, (mod m), ar, = p, (modm), ..., are = pe (mod m) 
together termwise, we find 
a°rir,.. Pe = PiPgs++Pe (mod m), 
from which we find 


a° = 1 (mod m) 


by dividing both sides by the product ryr,...ro = PyPy+++Pe- 
b. /f p is a prime and a is not divisible by p, then we have 
(Fermat's theorem): 


(1) a’* = 1 (mod p). 


This theorem is a consequence of theorem a form = p. The 
latter theorem can be put in better form. Indeed, multiplying 
both sides of the congruence (1) by a, we obtain the congruence 


a? = a (mod p), 


which is valid for all integers a, since it is valid for integers 
a which are multiples of p. 


Problems for Chapter IH 


1, a. Representing an integer in the ordinary decimal sys- 
tem, deduce criteria for divisibility by 3, 9, 11. 

b. Representing an integer in the calculational system to 
the base 100, deduce a criterion for divisibility by 101. 

c. Representing an integer in the calculational system to 
the base 1000, deduce criteria for divisibility by 37, 7, 11, 13. 
2, a. Let m > 0, (a, m) > 1, let 6 be an integer, let x run 
through a complete, while € runs through a reduced, system of 
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residues modulo m. Prove that 


a {at = ln - \), 


a l 
B) d {= = = on. 


b. Let m > 0, (a, m) = 1; let 6, N, ¢ be integers, ¢ > 0; let 


fx) ax +b 
x)= 








, {(N) > 0, f(N + mt) > 0. Prove, for the 


trapezoid bounded by the lines x = N, x = N + mt, y = 0, 
y = f(x), that 


(1) S= }'s 


where S is the area of the trapezoid, while the sum on the 
right is extended over all the lattice points of the trapezoid 


1 
where 5 = 1 for the interior points, 5 = ic for the vertices, 
6 = a for the remaining points of the contour. 


c. Letting, in contradistinction to problem b, 5 = — 


for the vertices, prove formula (1) for a triangle with lattice 
point vertices. 
3, a. Let m > 0, (a, m) = 1, A > O, let ¢ be a real number, 


let 
5 5 {= + a 


where y(x) takes on values such thate < w(x) ¢ ¢ + A for 
the values of x considered in the sum. Prove that 
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1 
g<h+ — 


1 
|S - 5m 
2 





b. Let M be an integer, m > 0, (a, m) = 1, let A and B be 
real numbers, let 


M+m~1 
Dae = ee {4x + B} 
Prove that 
1 1 
|S - =m < JAl +—. 
2 2 





c. Let M be an integer, m > 0, (a, m) = 1, 


M+m-1 


S= yf}, 


x=aM 


where the function f(x) has continuous derivatives {’(x) and 
f(x) in the interval M <¢ x ¢ M +m -—1, while 





, a 0. | i iy) k 
areal eee (a, m) = 1; | 6| a | /7’(x)| <7 
where 
l¢emce¢rr=A,A>2,k21 
Prove that 
] k+3 
S —-—m| < 
| 2 2 





4. Let all the partial quotients in the continued fraction 
development of the irrational number A be boundcd, let Mf be 


ol 


an integer, let m be a positive integer, and let B be a real 
number. Prove that 


M+m-~t 1 
= {Ax + Bh = ra + O(In m). 


x=aM 


5, a. Let A > 2, > 1 and let the function f(x) have a 
continuous second derivative satisfying the condition 


1 
| s 
A 





"eo | < = 


on the interval 0 < x <¢ R. Prove that 


LD ff) 


l 
—(R -Q) + 0A; |a] <1, 
O<x<R 2 


A = (2K(R — Q) In A + 8kA)A~%. 


b. Let Q and R be integers, and let 0 < o ¢ 1. Under the 
assumptions of problem a, prove that the number w(0) of frac- 
tions {f(x)i; x = Q + 1,...,R such thatO < {f@)} < ais 
given by the formula 


w(o) = oR - Q) + 0’ + 2A; [0’| < 1. 


6, a. Let T be the number of lattice points (x, y) of the re- 
gion x? + y? ¢ P(r > 2). Prove that 


T = nr + O(r? In r). 


b. Let n be an integer, n > 2, and let & be Euler’s constant. 
Prove that 


(1) + e(2) +... + (rn) = n(Inn + 2E - 1) + O(n” (In n)*). 
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7. A system of n positive integers, each of which is repre- 
sented to the base 2, is said to be proper if for every non- 
negative integer s, the number of integers in whose representa- 
tion 2° occurs, is even, and is said to be improper if this 
number is odd for at least one s. 

Prove that an improper system can be made proper by de- 
creasing or completely deleting some one of its members, 
while a proper system can be made improper by decreasing or 
completely deleting any one of its members. 

8. a. Prove that the form 


37x, + BU xpi + wee + BX, + Xp, 


where Xp, Xpoy «++, %y, X Tun through the values —1, 0, 1 
independently of one another, represents the numbers 


grt] 


-H, ..., -l, 0, 1,..., 43 H= 
3-1 


and represents each of them uniquely. 

b, Let m,, m,,..., m, be positive integers which are rela- 
tively prime in pairs. Using c, $4, prove that we obtain a 
complete residue system modulo m,m,...mn, by inserting in 
the form 


XK, + MX, + MymyxXy + wee + MyM, oe MyiyXy 


the numbers x,, x,, ..., ¥, which run through complete residue 
systems modulo m,, mj, ..., Mx. 

9. Let m,, m,, ..., m, be integers which are relatively 
prime in pairs, and let 


mym,...m,p = mM, = mM, = ... = may. 


a. Applying c, $4, prove that we obtain a complete system 
modulo m,m,...m, by inserting in the form 


Ax, + Max, t+... + Myx, 
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the numbers x,, x,, ..., x, which run through a complete sys- 
tem of residues modulo m,, m,, ..., Mg. 

b, Applying c, $4, ch. II and b, $5, prove that we obtain 
a reduced system of residues modulo m,m, ... my by inserting 
in the form 


Myx, + Myx, + 1.0 + Myx, 


the numbers x,, x,, ..., x; which run through a reduced residue 
system modulo m,, m,, ..., Mx. 

c. Prove the theorem of problem b independently of theorem 
c, $4, ch. II, and then deduce the latter theorem from the 
former one. 

d. Find an expression for ¢(p*) by an elementary method, 
and using the equation in c, $4, ch. II, deduce an expression 
for ¢p(a). 

10, Let m,, m,, ..., m, be integers greater than 1, which 
are relatively prime in pairs, and let m = mym,... mx, 

mM, = m. 

a, Let x,, x,, ...,X,, x run through complete residue sys- 
tems, while &, &, ..., &, € run through reduced residue sys- 
tems modulo m,, m,,..., mx, m. Prove that the fractions 


x 
coincide with the fractions {=| , while the fractions 


m 
{ + a) tioeet +! coincide with the fractions {=} ‘ 
m, My My m 
b. Consider & entire rational functions with integral coef- 

ficients of the r variables x, ..., w(r > 1): 
é 
folx, ..., w) = me cS) xt ew sales h, 
Ayeeegd y : 
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and let 


r) 
f(x, ,w) = ee, 5x° ws ¢ = 
wee as satu pipite oar ME Oa as, 2 
=. 48 


k 
= (s) 4 
= oy Mecg’ os) 


a4 

Xmg, +++, Wey Tun through complete residue systems, while 
Eg, +++, @, run through reduced residue systems modulo m,; 
x, ..., wun through complete residue systems, while 

&, ..., @ run through reduced residue systems modulo m. 
Prove that the fractions 


| ies say w,) frlXx, eaey “| 
tH i te 
my Mk 


flx, ..., w) 
coincide with the fractions [er , While the fractions 
m 


{ae veny @) filEns sees “} 
tii tt 


m, MK 


fE, « ++, @) 


coincide with the fractions | 
m 


(a generalization 


of the theorem of problem a), 
11, a. Let m be a positive integer, let a be an integer, and 
let x run through a complete residue system modulo m. Prove 


that 


ani —— 
€ Re = 


ee {” if a is a multiple of m 
0, otherwise. 


b, Let a be a real number, and let M and P be integers with 
P > 0. Letting (a) denote the numerical value of the differ 
ence between a and the integer closest to a (the distance 
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from « to the nearest integer), prove that 


2 always 


| 
< min (p, a) h> 
h(a) 1 
3, for (a) < ms ; 


M+P-1 


2 e 27iax 


x=aM 








c. Let m be an integer, m > 1, and Jet the functions M(a) 
and P(a) take on integral values such that P(a) > 0 for the 
values a = 1,2, ...,m— 1. Prove that 


m m 
minm — " ta(2 = +1)form > 6 
3 6 


-1|M(ayP(ayl aay m 
‘3 etim*l. J minm — —, form > 12, 


2 
a=1 x=M (a) 


minm-—m, form > 60. 


12, a, Let m be a positive integer, and let € run through a 
reduced residue system modulo m. Prove that 


g 
u(m) = peti 
é 


b. Using the theorem of problem a, prove the first of the 
theorems of c, $3, ch. II (cf. solution of problem 28, a, ch. Il). 
c. Deduce the theorem of problem a, using the theorem of 
problem 17, a, ch. II. 

d. Let 


f(x, ..., w) = ». Ca,..., 8% ew 


Ayeoeyd 


be an entire rational function with integral coefficients of the 
r variables x, ..., w(r > 1) and let a, m be integers with 

m > 0; x,..., w run through complete residue systems, while 
€,..., @ run through reduced residue systems modulo m. We 
introduce the symbols 
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Sim = Fives Qrexplaflé, «.., o)/m) 
é w 


Moreover, let m = m,m,...m,, where m,, ..., m, are integers 
exceeding 1 which are relatively prime in pairs, and let 
m,M, = m. Prove that 


Sanpeee eas = ey eee eee 
, , , 
Sanh Sagging = Si jayb occ Myeeem 


e. Using the notation of problem d we set 


A(m) = mS Sa,ms A’(m) = ele ae m» 


where a runs through a reduced residue system modulo m. 
Prove that 


A(m,)...A(m,) = A(m), A’(m,)...4 “(m,) = A“(m). 


13, a. Prove that 


eta\re 7 m--Fe ami a 


n=0 p x=0 


where p runs through the prime divisors of the number a. 
b. Deduce the well-known expression for ¢(a) from the 
identity of problem a. 
14. Prove that 


@o 
r(a) = lim Qe ». 2; k-&+ Qexp(Qriak/x) + 
o<x<¥a ®t 
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where 6 = 1 or 6 = O, according as a is or is not the square 
of an integer. 

15, a. Let p be a prime and let h,, Aj, ..., 4, be integers, 
Prove that 


(Ah, +h, +... + hg)? = AP + AP +... + A® (mod p). 


b. Deduce Fermat’s theorem from the theorem of problem a. 
c. Deduce Euler’s theorem from Fermat’s theorem. 


Numerical Exercises for Chapter III. 


1, a. Find the remainder resulting from the division of 
(12 371% + 34)?" by 111. 

b. Is the number 2'°? — 2 divisible by 1 0937? 

2, a. Applying the divisibility criteria of problem 1, find 
the canonical decomposition of the number 244 943 325. 

b, Find the canonical decomposition of the number 


282 321 246 671 737. 
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CHAPTERIV 


CONGRUENCES IN ONE 
UNKNOWN 


$1. Basic Concepts 


Our immediate problem is the study of congruences of the 
general form: 


(1) f(x) = O(mod m); f(x) = ax” + ayxP? +... + ay. 


If a is not divisible by m, then n is said to be the degree 
of the congruence. 

Solving a congruence means finding al] the values of x 
which satisfy it. Two congruences which are satisfied by the 
same values of x are said to be equivalent. 

If the congruence (1) is satisfied by some x = x,, then 
(d, $2, ch. IM) this congruence will also be satisfied by all 
numbers which are congruent to x, modulo m: x = x, (mod m). 
This whole class of numbers is considered to be one solution. 
In accordance with this convention, congruence (1) has as 
many solutions as residues of a complete system satisfying it. 

Example. The congruence 


x + x + 1 = O(mod 7) 


is satisfied by two numbers x = 2 and x = 4 among the num- 
bers 0, 1, 2, 3, 4, 5, 6 of a complete residue system modulo 7. 
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Therefore the above congruence has the two solutions: 
x = 2(mod 7), x = 4(mod 7), 
$2. Congruences of the First Degree 


a. A congruence of the first degree whose constant term has 
been placed on the right side (with opposite sign) can be put 
in the form 


(1) ax = b(mod m). 


b. Turning to the investigation of the number of solutions, 
we first restrict the congruence by the condition (a, m) = 1. 
According to $1, our congruence has as many solutions as 
residues of a complete system satisfy it. But when x runs 
through a complete system of residues modulo m, ax also runs 
through a complete residue system (d, 4, ch. MI), Therefore, 
in particular, ax will be congruent to b for one and only one 
value of x taken from the complete residue system. Therefore 
congruence (1) has one solution for (a, m) = 1. 

c. Now let (a, m) = d > 1. Then, in order that the con- 
gruence (1) have a solution it is necessary (e, $3, ch. III) 
that 5 be divisible by d, for otherwise the congruence (1) is 
impossible for all integers x. Assuming then that b isa 
multiple of d, we set a = a,d, b = b,d, m = m,d. Then the 
congruence (1) is equivalent to the following one (obtained 
by dividing through by d): a,x = b,(mod m,), in which (a,, 

m,) = 1, and therefore it will have one solution modulo m,. 
Let x, be the least non-negative residue of this solution 
modulo m,, then all the numbers x which are solutions of this 
equation are found to be of the form 


(2) x = x,(mod m,). 


But modulo m the numbers of (2) do not form one solution, 
but many solutions, and indeed as many solutions as there are 
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numbers of (2) in the sequence 0, 1, 2,..., m — 1 of least 
non-negative residues modulo m. But these consist of the 
following numbers of (2): 


Xap X, + My, X, + Wm, ..., x, + (d -— 1)m,, 


i.e. d numbers of the form (2), and hence the congruence (1) 
has d solutions. 

d. Gathering together our results, we obtain the following 
theorem: 

Let (a, m) = d. The congruence ax = b(mod m) is impossi- 
ble if b is not divisible by d. For b a multiple of d, the con- 
gruence has d solutions. 

e. Turning to the finding of solutions of the congruence (1), 
we shall only consider a method which is based on the theory 
of continued fractions, where it is sufficient to restrict our 
selves to the case in which (a, m) = 1. 

Developing the fraction m/a in a continued fraction, 


m 
G+ 
a 


a 
Wee a 


and considering the last two convergents: 


Pao Pn 
Qn-1 Qn 





m 
a 
by the properties of continued fractions (e, $4, ch. I) we have 
mn 7 aPyy = (-1)", 
aP,,_, = (-1)""" (mod m), 


a‘(~1)""'P,_,6 = b(mod m). 
6] 


Hence, our congruence has the solution 
x = (1)°'P,_,5(mod m), 


for whose calculation it is sufficient to calculate P,_, by 
the method described in d, $4, ch. I. 
Example. We solve the congruence 


(3) 1llx = 75(mod 321). 
Here (111, 321) = 3, while 75 is a multiple of 3. Therefore 
the congruence has three solutions. 


Dividing both sides of the congruence and the modulus by 
3, we obtain the congruence 


(4) 37x = 25(mod 107), 


which we must first solve. We have 


107| 37 
74| 2 
37 | 33 
33} 1 
33] 4 
32] 8 
4 1 
4 4 





Hence n = 4, P,_, = 26, 6 = 25, and we have the solution 
of congruence (4) in the form 


x = —-26°25 = 99(mod 107). 
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From this the solutions of congruence (3) can be represented 
in the form: 


x = 99, 99 + 107, 99 + 2°107(mod 321), 


x = 99, 206, 313(mod 321). 
$3. Systems of Congruences of the First Degree 

a. We shall only consider the simplest system of congruences 
(1) x = b,(modm,), x = b,(modm,),..., x = 5, (mod m,) 
in one unknown, but with different and pairwise prime moduli, 

b. It is possible to solve the system (1), i.e. find all values 
of x satisfying it, by applying the following theorem: 

Let the numbers M, and M; be defined by the conditions 

m,m,...m, = M,m,, M,Ms = 1(mod m,) 

and let 


xy = MM/b, + MyM Zb, +... + MyM iby 


Then the set of values of x satisfying the system (1) are de- 
fined by the congruence 


(2) x = x,(mod m,m,...mx) 


Indeed, in view of the fact that all the M, which are different 
from M, are divisible by m,, for any s = 1, 2,..., &, we have 


Xo = M,M>6, = b, (mod Ms)» 


and therefore system (1) is satisfied by x = x. It follows 
immediately from this, that the system (1) is equivalent to 
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the system 
(3) x = x,(mod m,), x = x,(mod m,), ..., x = x» (mod m,) 


(i.e, the systems (1) and (3) are satisfied by the same values 
of x). But the system (3), in view of the theorems of c, $3, 
ch, II and d, $3, ch. IN, is satisfied by those and only those 
values of x which satisfy the congruence (2). 

c. If b,, b,, ..., 6, independently run through complete 
residue systems modulo m,, m,, «++, Mx, then x, runs through 
a complete residue system modulo m,m,...M x. 

Indeed, x, runs through m,m,...m, values which are incon- 
gruent modulo m,m,...m,, in view of d, $3, ch. III. 

d. Example. We solve the system 


x = b,(mod 4), x = 6,(mod 5), x = b,(mod 7). 
Here 4°5°7 = 4°35 = 5°28 = 7°20, while 
35°3 = 1(mod 4), 28°2 = 1(mod5), 20°6 = 1(mod 7), 
Therefore 
x = 35°36, + 28°26, + 20°6b, = 105d, + 56b, + 1208, 


and hence the set of values of x satisfying the system, can be 
represented in the form 


x = 1056, + 56), + 120d, (mod 140). 
Thus, for example, the set of values satisfying the system 


1(mod 4), x = 3(mod 5), x = 2(mod 7), 


x 


is 


x = 105°1+ 56°3 + 120:2 = 93(mod 140) 
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while the set of values of x satisfying the system 


x 


3(mod 4), x = 2(mod 5), x = 6(mod 7), 


105 +3 + 56°2 + 120°6 = 27(mod 140), 


x 


$4. Congruences of Arbitrary Degree with Prime Modulus 


a. Let p be a prime. We shall prove general theorems re- 
lating to congruences of the form 


(1) f(x) = O(mod p); flx) = ax” + ayx™" +... + a. 


b. A congruence of the form (1) is equivalent to a con- 
gruence of degree not higher than p — 1. 
Indeed, dividing f(x) by x? — x, we have 


fix) = (xP — x)Q(x) + R(x), 


where the degree of R(x) is not higher than p ~ 1. But 
x? — x = 0(mod p) implies that f(x) = R(x) (mod p), from 
which our theorem follows. 

c. If the congruence (1) has more than n solutions, then all 
the coefficients of f(x) are multiples of p. 

Indeed, let the congruence (1) have at least n + 1 solutions. 
Letting x,, x,, .-+, Xn» Xnq, be the residues of these solutions, 
we can represent f(x) in the form 


(2) flx) = a(x — x,) (x — x,)...(@ — Xp) (x — Xn) (x - xn) + 
+ b(x ~ x) (x — x)... (0 — xpi) (x — Xp) + 
+ c(x - x,) (x - %_) vue (x -_ tas) + 
HF cece nnvvccccarrnccevnencveces + 
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To this end, develop the summands on the right side into 
polynomials, and then choose 6 so that the sum of the coef- 
in the first two polynomials coincide with a,; 
knowing 5, we choose c so that the sum of the coefficients of 
x" in the first three polynomials coincides with a,, etc. 

Putting x = %,, %, «++, Xp» Xn4, Successively in (2), we 
find that all the numbers m, 1, k, ..., c, 6, a are multiples of 
p. This means that all the coefficients a, a, ..., a, are 


ficients of x"—! 


multiples of p (since they are sums of numbers which are 
multiples of p). 
d. For prime p, we have the congruence (Wilson’s theorem) 


(3) 1:2...(p ~ 1) + 1 = O(mod p). 


Indeed, if p = 2, then the theorem is evident. If p > 2, 
then we consider the congruence 


(x ~ 1)(@ — 2)...@@ -— (p — 1)) — (x? - 1) = O(mod p); 


its degree is not higher than p — 2 and it has p — 1 solu- 
tions, indeed solutions with residues 1, 2,..., p ~ 1. There- 
fore, by theorem c, all its coefficients are multiples of p; in 
particular the constant term is also divisible by p and the 
constant term is just equal to the left side of the congruence 


(3). 
Example. We have 1+2°3+4°5°6 +41 = 721 = 0(mod 7). 


$5. Congruences of Arbitrary Degree with Composite Modulus 


a. If m,, m,, ..+, my are pairwise prime, then the congruence 
(1) fix) = O(mod mm, ...m,) 


is equivalent to the system 


f(x) = O(mod m,), 


f(x) = O(modm,), ..., f(x) = 0(mod m,). 
66 


Letting T,, T,, ..., Ty be the numbers of solutions of the 
individual congruences of this system with respect to the 
corresponding moduli, and letting T be the number of solutions 
of the congruence (1), we have 


Petit. 


Indeed, the first part of the theorem follows from c and 
d, $3, ch. DI. The second part of the theorem follows from 
the fact that each congruence 


(2) f(x) = O0(mod m,) 


is satisfied if and only if one of the 7, congruences of the 
form 


x = b,(modm,), 
where 6, runs through the residues of the solutions of the 


congruence (2), is satisfied, while all 7,7,...7, different 
combinations of the form 


x = b,(mod m,), x = 6,(mod m,), ..., x = 6, (mod m,), 
are possible, which leads (c, $3) to different classes modulo 


MyM, 00 My 


Example. The congruence 
(3) f(x) = O(mod 35), fix) = x* + 2x? + 8x + 9 
is equivalent to the system 
f(x) = O(mod 5), f(x) = O(mod 7). 
It is easy ($1) to verify that the first congruence of this sys- 


tem has two solutions: x = 1; 4(mod 5), the second con- 
gruence has three solutions: x = 3; 5; 6(mod 7). Hence the 
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congruence (3) has 2°3 = 6 solutions. In order to find these 
six solutions, we must solve six systems of the form 


(4) x = b,(mod5), x = 6, (mod 7), 


which we obtain by letting 6, run through the values b, = 1; 4, 
while 5, runs through the values b, = 3; 5; 6. But since 


35 = 5°7=7'5, 7°3 = 1l(mod5), 5°3 = 1(mod 7), 


the set of values of x satisfying the system (4) can be repre- 
sented in the form (b, $3) 


x 


216, + 156, (mod 35). 


Therefore the solutions of congruence (3) are 
x = 31; 26; 6; 24; 19; 34 (mod 35). 


b. In view of theorem a the investigation and solution of 
congruences of the form 


fix) = O(mod potpy?... pe) 


reduces to the investigation and solution of congruences of 
the form 


(5) flx) = 0(mod p%; 


this last congruence reduces in general, as we shall soon see, 
to the congruence 


(6) f(x) = O(mod p) 


Indeed, every x satisfying the congruence (5) must neces- 
sarily satisfy the congruence (6). Let 


X= XX, (mod p) 
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and hence the latter equation has one solution: 
t, = t, (mod p), 
t, = ty + ply. 
The expression for x takes on the form 
X= X, + prt, + p*t, = X, + prey; 


and so forth. In this way, given a solution of the congruence 
(6) we can find a solution of the congruence (5) which is con- 
gruent to it. Hence, if f’(x,) is not divisible by p, each so- 
lution x = x, (mod p) of the congruence (6) gives a solution 
of the congruence (5): 


a 
K=Xat p ta; 
x = %q(mod p”%). 
Example. We solve the congruence 


f(x) = 0(mod 27); 


(7) 
fix) = x4 + 7x + 4, 


The congruence f(x) = 0(mod 3) has one solution x = 1 (mod 
3); here f’(1) = 2(mod 3), and hence, is not divisible by 3. 
We find 

x= 1+ 3¢,, 


fQ) + 34,f°(L) = O(mod 9), 3 + 34, °2 = O(mod 9), 


2t, + 1 = O(mod 3), ¢, = 1(mod 3), ¢, = 1 + 32,, 
x= 4+ 98, 
fla) + 9t,f7(4) = O(mod 27), 18 + 9, °2 = O(mod 27), 
2t, + 2 = O(mod 3), ¢, = 2(mod 3), ¢ = 2 + 34, 


x = 22 + 27t,. 
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Therefore, the congruence (7) has one solution: 
x = 22(mod 27). 
Problems for Chapter IV 
1, a, Let m be a positive integer and let fix, ..., w) be an 
entire rational function with integral coefficients of the r 


variables x, ..., w(r > 1). If the system x = x,,... 
satisfies the congruence 


(1) f(x, ..., w) = 0(mod m), 


then (generalizing the definition of $1) the system of classes 
of integers modulo m: 


x = x,(mod m), ..., w = w,(mod m) 
will be considered to be one solution of the congruence (1), 


Let T be the number of solutions of the congruence (1). 
Prove that 


mio m-t m=—1 ami al(x, »w) 
Tm = ’ vB e m 
aed xed wed 


b. Using the notation of problem a and problem 12, e, ch. 
Il, prove that 


Tm = m' 2; A(m,). 


mo \m 


c. Apply the equation of problem a to the proof of the 
theorem on the number of solutions of a congruence of the 
first degree. 

d. Let m be a positive integer; let a, ..., f, g be 
r+ U(r > 0) integers; d = (a,..., f, m); let T be the 
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number of solutions of the congruence 
ax +... + fw + g = O(modm), 


Using the equation of problem a, prove that 


m'—d, if g is a multiple of d, 
T = 
0, otherwise. 


e. Prove the theorem of problem d, starting from the theorem 
on the number of solutions of the congruence ax = b(mod m), 

2, a. Let m > 1, (a, m) = 1. Prove that the congruence 
ax = b(mod m) has the solution x = ba? ">" (mod m). 

b. Let p be a prime, 0 < a < p. Prove that the congruence 
ax = b(mod p) has the solution 


(p— 1)(p - 2)...(p - a + 1) 


= b(-1)°" 
s cy) LT Diese 


(mod p). 


c, a) Find the simplest possible method of solving a con- 
gruence of the form 


2*x = b(mod m); (2, m) = 1. 


8) Find the simplest possible method of solving a con- 
gruence of the form 


3*x = b(mod m); (3, m) = 1. 


y) Let (a, m) = 1,1 <a < m. Applying the methods used 
in problems «) and §), prove that finding the solutions of the 
congruence ax = b(mod m) can be reduced to finding the solu- 
tions of a congruence of the form b + mt = O(mod p) where p 
is a prime divisor of the number a. 

3. Let m be an integer, m > 1,1 <7 < mM, (a,m) = 1. 
Using the theory of congruences prove the existence of 


72 


integers x and y such that 


m 
ax = y(modm), O< x <7, 0< ly} <—. 
T 
4, a. For (a, m) = 1, we will consider the symbolic frac- 


tion — modulo m, which denotes any residue of a solution of 


a 
the congruence ax = b(mod m). Prove that (the congruences 


are taken modulo m) 


a) Fora = a,,b = b, we have — = —, 
a a 


b 
B) The numerator } of the symbolic fraction — can be re~ 
a 


placed by a congruent b, which is a multiple of a. Then the 


symbolic fraction — is congruent to the ordinary fraction 
a 


b 
—-, where the congruence is taken with ordinary integers. 
a 


b d be + ad 


y)—+—e 
a c ac 


d bd 
c 


b 
6) —- 
a 


b, «) Let p be a prime, p > 2, and let a be an integer, 
0<a<p- 1. Prove that 


- 1 S 
( P (4) Gaedp): 


a 
B) Let p bea prime, p > 2. Prove that 


1 


3 oe ned 


2P — 2 
Pp 








1 
=l-—— + (mod ). 
9 p 


5, a. Let d be a divisor of the number a which is not di- 
visible by primes smaller than n, and let x be the number of 
different divisors of the number d. Prove that the number of 
multiples of d in the sequence 


(1)1°2...n,2°3...@2+1),...,a(a+1)...(a+n — 1) 





b, Let p,, p,, +++, py be the different prime divisors of the 
number a which are not smaller than n. Prove that the number 
of integers of the sequence (1) relatively prime to a is 


n n n 
ee ( -*\.., ee 
Pi P2 Pk 
6. Let m,,, .,.,~ be the least common multiple of the num- 
bers my, My, s+) Myo 
a, Let d = (m,, m,). Prove that the system 
x = b,(mod m,), x = 6, (mod m) 
is solvable if and only if b, — 6, is a multiple of d, and if the 
system is solvable, the set of values of x satisfying this sys- 
tem is determined by a congruence of the form 
x = x, (mod m,,). 
b, Prove that, if the system 


x = b,(mod m,), x = b, (mod m,), ..., x = 6, (mod m,) 


is solvable, the set of values of x satisfying it is determined 
by a congruence of the form 


% = %1,2,...,k (mod M12, ...,k)* 


74 


7. Let m be an integer, m > 1, let a and b be integers, and 


let 
,o bx’ 
(: - Fev (2 = | 
m : m 


where x runs through a reduced residue system modulo m, 





while x” = — (mod m) (in the sense of problem 4, a). Prove 
x 





6 
the following properties of the symbol (: : 
m 








a(t) ~ (4). 


b 
ee es 2 (= ). 








m m 
5) For m,, m,,..., m, relatively prime in pairs, setting 
mym,...my = m, m = m,M,, we have 





eulralo ces 


(see + Mia, ae 


m 


+ Mian, 1 


8. Let the congruence 
agx" + a,x" +... + a, = O(mod p) 


have the n solutions 


X = Ny, Xqy +009 Xq_ (mod p), 


Prove that 


a, = —a,9, (mod p), 
ay5, (mod p), 


= -a,5,(mod p), 


a 
wn 
UW 


a 
we 
tl 


a, = (-1)"a,S, (mod p), 


where S, is the sum of all the x,, S, is the sum of the products 
of pairs of the x,, S, is the sum of the products of triples of 
the x,, etc. 

9, a. Prove Wilson’s theorem by considering pairs x, x” of 
numbers of the sequence 2, 3,..., p — 2, satisfying the con- 
dition xx’ = 1 (mod p). 

b. Let P be an integer, P > 1,1°2...(P —-1) +1 
= O(mod P), Prove that P is a prime. 

10, a. Let (a,, m) = 1. Find a congruence of degree 
n(n > 0) with leading coefficient 1, equivalent to the 
congruence 


Gox" + ayx™™ +... + a, = O(mod m). 


b. Prove that a necessary and sufficient condition in order 
that the congruence f(x) = O(mod p); f(x) = x7 + a,x" + 
+... + a,37 < p; has n solutions, is the divisibility by p of 
all the coefficients of the remainder after the division of 
xP — x by f(x). 

c. Let n be a divisor of p — 1;n > 1; (A, p) = 1. Prove 
that a necessary and sufficient condition for the solvability 

p-1 
of the congruence x" = A(modp)is A" = 1(mod p), while 
if the congruence is solvable, it has n solutions. 

11. Let n be a positive integer, (A, m) = 1, we assume that 
we know a Solution x = x,(mod m) of the congruence 
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x” = A(modm). Prove that all the solutions of this con- 
gruence can be represented as the product of x, and a residue 
of a solution of the congruence y” = 1(modm). 


Numerical Exercises for Chapter IV 


1, a. Solve the congruence 256x = 179(mod 337). 

b, Solve the congruence 1215x = 560(mod 2755). 

2, a. Solve the congruences of exercises 1, a and 1, b by 
the method of problem 2, c. 

b. Solve the congruence 1296x = 1105 (mod 2413) by the 
method of problem 2, c. 

3. Find all pairs x, y satisfying the indeterminate equation 
1245x — 1603y = 999. 


4, a, Find a general solution of the system 
x = b,(mod 13), x = 5,(mod 17). 


Using this general solution, find three numbers whose divi- 
sion by 13 and 17 gives the respective remainders ] and 12, 
6 and 8, 1] and 4, 

b. Find a general solution for the system 


x = b,(mod 25), x = 6, (mod 27), x = b,(mod 59). 


5, a. Solve the system of congruences 
x = 3(mod 8), x = 11(mod 20), x = 1(mod 15). 
b. Solve the system of congruences 
x = 1(mod 3), x = 4(mod 5), x = 2(mod 7), 
x = 9(mod il), x = 3 (mod 13). 
6. Solve the system of congruences 


x + 4y — 29 = 0(mod 143), 2x — Sy + 84 = 0(mod 143). 
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7, a, What congruence of degree smaller than 5 is equivalent 
to the congruence 


Bxt* 4 Ant? 4 Sat? 4 Qett 4 x? 4 Qe? + dx? + x8 + 
+ 3x‘ 4 x? + 4x7 4 Qe = O(mod 5)? 


b. What congruence of degree smaller than 7 is equivalent 
to the congruence 


Qx*? 4 Gxt? 4 xh 4 Sat? 4 Sat? 4 Qx?9 4 ow? + Sx? + 


+ Qn? + 3x5 4 4x4 + 6x? + 4x? 4 x + 4 = O(mod 7)? 


8. What congruence with leading coefficient 1 is equivalent 
to the congruence (problem 10, a) 


70x® + 78x + 25x4 + 68x? + 52x? + 4x + 3 = O(mod 101)? 
9, a. Solve the congruence 
f(x) = O(mod 27), fix) = 7x* + 19x + 25, 
by first finding all the solutions of the congruence 
fix) = 0(mod 3) 


by trial. 

b. Solve the congruence 9x? + 29x + 62 = O(mod 64). 
10, a. Solve the congruence x* + 2x + 2 = 0(mod 125), 
b. Solve the congruence x‘ + 4x° + 2x7 + 2x + 12 = 

0 (mod 625). 

11, a. Solve the congruence 6x° + 27x7 + 17x + 20 = 
0 (mod 30). 

b. Solve the congruence 31x* + 57x*° + 96x + 191 = 

0 (mod 225). 


Ul 


78 


CHAPTER V 


CONGRUENCES OF THE 
SECOND DEGREE 


$1. General Theorems 


a. We shall only consider the simplest of the congruences 
of degree n > 1, i.e. the two-term congruences: 


(1) x" = a(mod m); (a, m) = 1 


If the congruence (1) has solutions, then a is said to be an 
n-th power residue, otherwise a is said to be an n-th power 
non-residue. In particular, forn = 2 the residues or non- 
residues are said to be quadratic, forn = 3 cubic, forn = 4 
biquadratic. 

In this chapter we shall consider the case n = 2 in detail 
and we first consider the two-term congruences of the second 
degree for odd prime modulus p: 


(2) x* = a(mod p); (a, p) = 1. 


c. If ais a quadratic residue modulo p, then the congruence 
(2) has two solutions. 

Indeed, if a is a quadratic residue, then the congruence 
(2) has at least one solution x = x, (mod p). But since 
(-x,)? = x4, the same congruence also has the second solution 
x = —x,(mod p). This second solution is different from the 
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first since x, = —x, (mod p) would imply 2x, = 0(mod p), 
which is impossible since (2, p) = (x,, p) = 1. 

These two solutions exhaust all the solutions of the con- 
gruence (2) since the latter, being a congruence of the second 
degree, cannot have more than two solutions (c, $4, ch. IV). 


p-l 





d. A reduced residue system modulo p consists of 


quadratic residues which are congruent to the numbers 


(3) 1?, te, (24) 
2 


quadratic non-residues. 








and 


Indeed, among the residues of a reduced system modulo p, 
the quadratic residues are those and only those which are 
squares of the numbers (a reduced system of residues) 


p-l p-l 
ae ree, 72, “1, 1, 2, 0, 5 





(4) - 





i.e, with the numbers of (3), Here the numbers of (3) are in- 


- 1 
congruent modulo p, since # = [?(modp),0<k<1< : ai 





it would follow that the congruence x’ = [ (mod p) is satisfied 
by four numbers: x = ~l, —k, k, 1 among the numbers of (4), 
contradicting c, 

e. Ifa is a quadratic residue modulo p, then 


p-1 


(5) a * = 1(mod p); 
if ais a quadratic non-residue modulo p, then 


p-l 


(6) a? =-~1(mod p). 
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Indeed, by Fermat’s theorem, 


pak clay 
a?—* = 1 (mod p); E > - : i + iy O(mod p). 


One and only one of the factors of the left side of the latter 

congruence is divisible by p (both factors cannot be divisible 

by p, for if they were, then 2 would be divisible by p), There- 

fore one and only one of the congruences (5) and (6) can hold. 
But every quadratic residue a satisfies the congruence 


(7) a = x7 (mod p) 


for some x, and therefore also satisfies the congruence (5), 
which can be obtained by raising each side of (7) to the power 


p-l 





. Here the quadratic residues exhaust all the solutious 


-1 





of the congruence (5), since it cannot have more than 


solutions because it is a congruence of degree 





Therefore the quadratic non-residues satisfy the congruence 


(6). 


$2. The Legendre Symbol 


a 
a. We now consider Legendre’s symbol | — | (read as: 


P 
the symbol of a with respect to p). This symbol is defined 
for all a which are not divisible by p; it is equal to 1 if a is 
a quadratic residue, and equal to ~1 if a is a quadratic non- 
residue. The number a is said to be the numerator, the num- 
ber p the denominator, of the symbol. 
b. In view of e, $1, it is evident that we have 


a Poh 
(=) = a” (mod p). 
p 
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c. Here we deduce the most important properties of the 
Legendre symbol and in the next paragraph, the properties of 
the generalization of this symbol—Jacobi’s symbol, which is 
useful for the rapid calculation of this symbol, and hence 
solves the problem of the possibility of the congruence 


x? = a(mod p). 


dt faa nod shaken (=) 7 (=) 
p P 


This property follows from the fact that the numbers of an 


equivalence class are all either quadratic residues or 
non-residues. 


= ]? and hence 1 is a quadratic residue. 


=] pot 
f. (=) (-1)?. 
p 


This property follows from b fora = -1. 





Since is even for p of the form 4m + 1 and odd for 


p of the form 4m + 3, it follows that —1 is a quadratic residue 


of primes of the form 4m + 1 and a quadratic non-residue of 
primes of the form 4m + 3. 


- (24) - @)(8) 


ndeed, we have 


be. prt pk ptt pet 
(- ) = Gb... Pr ye pe ee 


Pp 
a b l 
= {—){—]... {—] (mod p), 
(5) & a : 
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from which it follows that our assertion is true, A consequence 


p I 


i.e, we can delete any square factor from the numerator of a 


symbol, 





h, In order to deduce further properties of Legendre’s 
symbol, we first give it another interpretation. Setting 





p-1 ’ 
Py = , we consider the congruences 
a*l = er, (mod p) 
a*2 = er, (mod p) 
(1) owe evo eoee @ eesesneeeeeee eee eoeeoseeve 
p-1l 
@*P, = €p,rp, (mod p); py = —-—. 


where e,r, is the absolutely least residue of ax andr, is its 
modulus so thate, = +1. 

The numbers a°1, -a°1,@°2, -a'2,...,a°p,, —@*p,y 
form a reduced residue system modulo p (c, $5, ch. IM); their 
absolutely least residues are just €Fy, —€\ly) 62a» “Gay +5 
€p,"py» —€py’p,: Those which are positive i.e. ry, 7, +65 My 
must coincide with the numbers 1, 2, ..., p, (b, $4, ch, MIN). 

Multiplying together the congruences (1) and dividing 
through by 


L290 py= Massel s 


we finda ? = q&.. “€p, (mod p), from which (b) we have 


a 
(2) ( z a Baan 
Pp 
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i. The expression for Legendre’s symbol which we have 
found can be put in a more concise form. We have 


eerie) wlckacelt 


which is even or odd according as the least positive residue 





: 1 : . 
of the number ax is less or greater than —p, i.e. according as 


é, = lore, = —1. It is evident from this that 
2ax 
“eee 


and therefore we find from (2) that 


a > = 
@ ye 





P 


j. Assuming a to be odd, we transform the latter equation. 
We have (a + p is even) 





4 : a+ Pp at Pp 
( ~) ( 2a + | 2 2 
p p p p 
Pi a x Pp ax Pp 
py [ete] a ee ae 
= (-1)*"! = (1)"" x= 


and hence 


PL a 
Seg Bates dat 
(3) (=) (<) - OD aes (+3 + 
p/\p 


The formula (3) allows us to deduce two very important 
properties of the Legendre symbol. 
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2 vk 
i (=) 7 = , 
Pp 


This follows from formula (3) fora = 1. 
Moreover, since 
ly -1 
(8m + 1) Sih Ph On even 
8 
while 
(8n + 3! —1 


: = 8m? + 6m + 1, odd, 


it follows that 2 is a quadratic residue of primes of the form 
8m + 1 (8m + 1, 8m + 7) and a quadratic non-residue of 
primes of the form 8m + 3 (8m + 3, 8m + 5). 

1. If p and q are odd primes, then (the quadratic reciprocity 


law) 
pel. 2 eek 
a) 
P q 


-1l q-l 








Since is odd only in the case in which 


both numbers p and q are of the form 4m + 3 and even if one 
of these numbers is of the form 4m + 1, the above property 
can be formulated as follows: 

If both the numbers p and q are of the form 4m + 3, then 
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In order to prove our results, we note that, in view of k, 
formula (3) takes on the form 


P1 ax 


(a) ( | ~ ye 


p 


- 1 





Setting : = g,, we consider p,q, pairs of numbers 
which are obtained when the numbers a and y in the expres- 
sions gx, py run through the systems of values 


Bee 2 ana Pgh eS lak eeg ny 


independently, 

We can never have gx = py, because it would follow from 
this equation that py is a multiple of g which is impossible 
because (p, q) = (y, q) = 1 (since 0 < y < q). Therefore we 
can set p,g, = 5, + S,, where S, is the number of pairs with 
qx < py and S, is the number of pairs with py < qx. 

It is evident that S, is also the number of pairs with 


x< La For given y we can take x = 1, 2, ..., [ey] m 
q q 


(Since oy < a < = we have =] < py.) 
q q 2 
Consequently, 
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But then equation (4) gives 


() “1 (2)-o 

q P 

6 (2) = (~])S1+Sa = (—1)P#% 
q P 


from which the required property follows, 


and hence 


83. The Jacobi Symbol 


a. In order to evaluate Legendre’s symbol most quickly, we 
consider the more general Jacobi symbol. Let P be an odd 
number greater than unity, and let P = p,p,...p, be its de- 
composition into prime factors (some of which may be equal). 
Moreover, let (a, P) = 1. Then Jacobi’s symbol is defined 
by the equation 


P pi] \ pr] \ pe 
The well-known properties of the Legendre symbol allow us 
to establish analogous properties for the Jacobi symbol. 


b. [fa = a,(mod P), then (=) = (**) ; 
P P 


Indeed, 


so that a, being congruent to a, modulo P, is also congruent to 


a, modulo p,, pz, +++» Pry Which are the divisors of P. 
( :) 
Cy Lom fel, 
P 
Indeed, 





In order to establish this, we note that 


AG PG ayaa 


Pi-l pam Prot 



































2 2 
1 eel 
(1+ 2% Vra22 (1-22 ja 
2 
7 2 
ss fi eal 
au! te $y Pe + 2N 
2 2 2 
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oe cea ea 
gro Coasts oven co 


and multiplying the symbols with the same numerators, we ob- 
tain the required property. From this we obtain the corollary: 


Gaia: 





a 
pit pi-t , Py-i 
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and hence we deduce from formula (2) 


2 Load 
(=) = (-1) : 


g. [f P and Q are positive relatively prime odd numbers, then 


Q eae 
(2) - un (5): 


Indeed, let O = 9,9, ... 95 be the decomposition of Q into 
prime factors (some of them may be equal). We have 


#)-(2)2)~(2)-a2()- 


r oS pel apB-1 


ue ee [pe 
(ya! Bo an ( ee 


. Poo : q ) 
x 2 x 2 P 
(~1) (% (Z [* \ : 











I 


But, as in d, we find 





| a ee pes ST... aged 
yp Peg oy ay ey 
2 | 2 om 2 
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Example. Asan example of the calculation of the Legendre 
symbol (we will consider it to be a particular case of the 
Jacobi symbol) we investigate the solutions of the congruence 


x? = 219(mod 383). 


We have (applying in sequence the properties g, b, the corol- 
lary of e, g, b, e, f, g, b, d): 


(2) - (08) 08) --(g)- 
(at) - (8) = (2) 


It 


H 


and hence the congruence under consideration has two 
solutions. 


$4. The Case of Composite Moduli 


a. Congruences of the second degree with composite moduli 
are investigated and solved in accordance with the general 
methods of $5, ch. IV. 


b. We start with a congruence of the form 
(1) x* = a(mod p®); « > 0, (a, p) = 1, 


where p is an odd prime. 
Setting f(x) = x? — a, we have f’(x) = 2x, andifx = x, 
(mod p) is a solution of the congruence 
(2) x* = a(mod p) 
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then since (a, p) = 1 we also have (x,, p) = 1, and since p is 
odd, (2x,, p) = 1, i.e. f’(x,) is not divisible by p. Therefore 
to find the solutions of the congruence (1) we can apply the 
argument of b, $5, ch. IV, while each solution of the con- 
gruence (2) gives one solution of the congruence (1). It 
follows from this that 

The congruence (1) has two solutions or none according as 
a is a quadratic residue or a quadratic non-residue modulo p. 


c. We now consider the congruence 
(3) x7 = a(mod 2%); a > 0, (a, 2) = 1. 


Here f’(x,) = 2x, is divisible by 2, and hence the argument 
of b, $5, ch. IV is inapplicable; it can be changed in the 
following way: 


d. If the congruence (3) is solvable, then, since (a, 2) = 1, 
we have (x, 2) = 1], i.e. x = 1 + 2t, where ¢ is an integer. 
The congruence (2) takes on the form 


1 + 4e(e + 1) = a(mod 2”). 


But one of the numbers t, ¢ + 1 is even and hence 4¢(t + 1) is 
a multiple of 8. Therefore, for the solvability of the latter 
congruence, and along with it also the congruence (3), it is 
necessary that 


(4) a = 1(mod 4) for a = 2; a = 1(mod 8) for a > 3. 


e. In the cases in which condition (4) is satisfied, we con- 
sider the question of finding solutions and the number of 
solutions. 

For a < 3, all the odd numbers satisfy the congruence in 
view of d. Therefore the congruence x* = a(mod 2) has one 
solution: x = 1(mod 2), the congruence x? = a(mod 4) has two 
solutions: x = 1; 3(mod 4), the congruence x” = a(mod 8) has 
four solutions: x = 1, 3, 5, 7 (mod 8). 
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In order to consider the cases a = 4, 5,... all the odd 
numbers are put in the two arithmetic progressions: 


(5) x = +(1 + 4¢,) 
(1 + 4¢, = 1(mod 4); -1 - 4¢, = ~1 = 3(mod 4)) 


We now decide which of the latter numbers satisfy the con- 


gruence x? = a(mod 16). We find 


a-1 
(1 + 4¢,)? = a(mod 16), ¢, = 





(mod 2), 
t, = tf + 2t,, x = +(1 + 407-4 8t,) = +(x, + 88,). 


We now decide which of the latter numbers satisfy the con- 
gruence x” = a(mod 32). We find 


(x, + 8t,)? = a(mod 32), t, = tf + 2t,, x = +(x, + 162,), 


etc. In this way we find that the values of x satisfying the 
congruence (3) for a > 3, are representable in the form 


m= £(e, + 2°%*t,), 


These values of x form four different solutions of the con- 


gtuence (3) 


ai %q + 27"3 443 eA 2°-! (mod 2%) 


(modulo 4 the first two are congruent to 1 while the second 
two are congruent to ~1). 
Example. The congruence 


(6) x? = 57 (mod 64) 


has four solutions since 57 = 1(mod 8). Representing x in 
the form x = +(1 + 4¢,), we find 
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(1 + 4¢,% = 57(mod 16), 82, = 56 (mod 16), 
t,; = 1(mod 2), ¢, = 1+ 2t,, x = +(5 + 8¢,), 
(5 + 8t,)? = 57 (mod 32), 5° 162, = 32(mod 32), 
t, = O(mod 2), t, = 2t,, x = +(5 + 162), 
(5 + 162,)? = 57(mod 64), 5°32t, = 32(mod 64), 


ts = 1(mod 2), t, = 1 + 2t,, x = +(21 + 32z,). 


Therefore the solutions of the congruence (6) are: 


x = +21; +53(mod 64). 


f. It follows from c, d, and e that: 
The necessary conditions for the solvability of the 
congruence 


x? = a(mod 2°); (a, 2) = 1 


are: a = 1(mod 4) for « = 2,a = 1(mod 8) for a > 3. If 
these conditions are satisfied, then the number of solutions 
is: 1 for a = 1; 2 for a = 2; 4 for a 2 3. 

g. It follows from b, f and a, $5, ch. IV that: 

Necessary conditions for the solvability of congruences of 
the form 


x* = a(mod m); m = 2°pftps?.... pyks (a, m) = 1 


are. 


a = 1(mod 4) for a = 2, a = 1(mod 8) for a > 3, 


a a a 
Pit Pica St 
Py Pa Pk 
If all of these conditions are satisfied, the number of solutions 
is: 2* for a = Oand « = 1; 2*** for w = 2; 2** for a > 3, 
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Problems for Chapter V 


Here p will always denote an odd prime. 
1, Prove that finding the solutions of a congruence of the 
form 


ax? + bx + c = O0(modm), (2a, m) = 1 


reduces to finding the solutions of a congruence of the form 
x* = q(mod m). 

2, a, Using e, $1, find the solutions of the congruence 
(when they exist) 


x? = a(mod p); p = 4m + 3. 


b. Using b and k, $2, obtain a method of finding the solu- 
tions of the congruence 


x? = a(mod p); p = 8m + 5. 


c. Find the simplest possible method of finding the solu- 
tions of a congruence of the form 


x’ = a(mod p); p = 8m + 1 


when we know some quadratic non-residue N modulo p. 
d. Using Wilson’s theorem, prove that the solutions of the 
congruence 


x* + 1 = O(modp); p = 4m + 1 


are 
x = +1°2... 2m(mod p). 
3, a. Prove that the congruence 


(1) x? + 1 = O(mod p) 


is solvable if and only if p is of the form 4m + 1; the 
congruence 


(2) x* + 2 = 0(mod p) 


is solvable if and only if p is of the form 8m + 1 or 8m + 3; 
the congruence 


x +3= 0 (mod p) 


is solvable if and only if p is of the form 6m + 1. 

b. Prove that there are an infinite number of primes of the 
form 4m + 1. 

c. Prove that there are an infinite number of primes of the 
form 6m + 1, 

4. Dividing the numbers 1, 2, ..., p — 1 into two sets, the 
second of which contains at least one number, we assume that 
the product of two numbers of the same set are congruent to a 
number of the first set modulo p, while the product of two 
elements of different sets is congruent to a number of the 
second set modulo p. Prove that this occurs if and only if 
the first set consists of quadratic residues, while the second 
set consists of quadratic non-residues modulo p. 

5, a. Deduce the theory of congruences of the form 


x? = a(mod p*); (a, p) = 1, 


by representing a and x in the calculational system to the 
base p. 
b. Deduce the theory of congruences of the form 


x? = a(mod 2%); (a, 2) = 1, 


by representing a and x in the calculational system to the 
base 2. 
6. Prove that the solutions of the congruence 


x4 = a(mod p”)s (a, p)=1 
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are x = +PQ’(mod p*), where 


_ tz + Va)? + (z ~ Va)* 0 (2 + Va)* — (z - Va)? 
. 2 Va 
z* = a(mod p), QQ’ = 1 (mod p*). 


P 


7. Find a method of solving the congruence x? = 1 (mod m) 
based on the fact that this congruence is equivalent to the 
congruence (x — 1)(x + 1) = O(modm). 


a 
8. Let & 
p 


a. For (4, p) = 1, prove that 


pat {x(x + ) 
———} = -l. 
aA ; 


b, Let each of the numbers ¢ and 7 have one of the values 
+1, let T be the number of pairs x, x + 1, where x = 1, 2, 


x x+1 
..,p — 2, such that (-) = , ( 1 = 1. 
P P 


Prove that 
1 /—] 
r-( (p-2-«(=) -n-a 
4 p 


c. Let (fk, p) = 1, and let 


s- Pr (P= *) 


Pp 


i} 


O for (a, p) = p. 








where x and y run through increasing sequences consisting, 
respectively, of X and Y residues of a complete system modulo 
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p. Prove that 
[S| < V2XYp 


In the proof use the inequality 


r ue 


d. Let Q be an integer, 1 < Q < p, 


2 





|s| ty 











p-1 O-l x +2 
S= 7 Su See 7 ( ) 


x=0 z=0 P 
a) Prove that S = (p — Q)Q. 


B) LetX bea constant, 0 < A < 1, Prove that the number 
T of integers x = 0,1, ..., p — 1 for which the condition 
S2°% Qrestosh is not satisfied, satisfies the condition 
T<;o*. 


y) Let p > 25, and let M be an integer. Prove that the 
sequence 


M,M+41,..., M+ 3[Vp]-1 
contains a quadratic non-residue modulo p. 


9, a, Prove that the number of representations of an integer 
m > 1 in the form 


(1) m=x+y,(x,y)=1,x>0,y>0 
is equal to the number of solutions of the congruence 


(2) z*7 + 1 = O(mod m). 
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In proving this, set r = Vm and use the representation of 
z 

a = — given in the theorem of problem 4, b, ch. I, and then 
m 


consider the congruence obtained by multiplying (2) termwise 


by Q@. 
b. Let a be one of the numbers 2, 3. Prove that the number 
of representations of a prime p > a in the form 


(3) p=x +ay,x>0,y>0 
is equal to half the number of solutions of the congruence 
(4) z? + a = O(mod p). 


c. Let p be of the form 4m + 1, (4, p) = 1, 


S(k) = > (= + k) 


x00 P 


Prove that (D. S. Gorshkov) 


a) S(k) is an even number. 
B) Stk) = & S(k). 
Pp 


y) For (=) =], (“) = -], we have (cf. problem a.) 
P P 


ES * sin)). 
r= (5 A) WG n) 


10. Let D be a positive integer which is not the square of 
an integer. Prove that: 

a. If two pairs x = x,, y = y, andx = x, y = y, of 
integers satisfy the equation 


2 - Dy =k 
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for a given integer k, then the equation 
X? —~ DY? = 


is satisfied by integers X, Y defined by the equation (the + 
sign can be taken arbitrarily) 


X + YVD = (x, + ¥,VD)(x, + y,VD). 
b. The equation (Pell’s equation) 
(1) 2 -— Dy? = 1 


is solvable in positive integers x, y. 

c. If x,, ¥, is a pair of positive x, y with minimal x (or, 
equivalently, with minimal x + yVD ) satisfying equation (1), 
then all pairs of positive x, y satisfying this equation are 
defined by the equations 


(2) x +yVD = (x, +y,VD)'; r= 1, 2,... 


11, a. Let a be an integer. Let 


pP-l (x ai 
Uap = oe (-) e ; 


x=1 \P 


a) For (a, p) = 1, prove that | Ua, p| = Vp. 

In proving this, multiply U,,, by its conjugate, which is 
obtained by replacing i by —i. Letting the letters x, and x 
be the summation variables of the original and conjugate sums, 
we then gather together the terms of the product such that 


x, = xt (mod P)s 
or 


x, = x + t(mod p) 
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for fixed ¢. 


B) Prove that 





b. Let m > 2, (a, m) = 1, 


S 


aym 





x=0 


a) Prove thatS, , = Uap (problem a). 
B) It follows from the theorems of problems «) and a, a) 


that S, , = Vp’. Prove the following more general result: 


Se, 
Vem 
Shia 
y) Let m > 1, (24, 


integer. Prove that 


ma-1 
exp 





Ht 


= Vm, ifm = 1(mod 2), 
0, if m = 2(mod 4), 
= V2m, if m = O0(mod 4), 


i] 
MW 


m) = 1, and let a be an arbitrary 


f 
rt 


a PY 





12, a. Let m be an integer exceeding 1, let M and Q be 


integers such that 0 < 


M<M+Q< m,and let )' denote 


. F : . / 
a sum extended over the z in a given set of integers, while 2: 


denotes a sum extended over the z in this set which are con- 


gruent modulo m to the 


numbers 
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M,M+1,...,M+Q-1. 
Moreover, let the function ® (z) be such that, for some A and 


any a= 1, 2, ..., m — 1, we have 


< hs 


az 
® 2ni — 
Iz (z) exp be | 





Prove that 
D2 @(z) = oF oe) + 6Adn m — 5), 
Zz m Zz 


1 
where | 6| <1, 6 > 0 always, 6 > = form > 12, 


6 > 1 for m > 60. 


b, Let M and Q be integers such thatO <<M<M+Q< p. 
a) Prove that 


< Vp Inp. 





EQ 


x= M P 





B) Let R be the number of quadratic residues and let N be 
the number of quadratic non-residues in the sequence M, 


M+1,...,M+Q- 1. Prove that 





1 6 1 6 
R= 50+ >Vp Inp, N= 0 - >vp inp; |] <1. 


y) Deduce the formulae of problem 8), using the theorem of 
problem 11, b, 8) and the theorem of problem a. 

5) Let m > 2, (2A, m) = 1, and let M, and Q, be integers 
such that 0 < M, < My, + Q, < m. Prove that 
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Mo+Qo-! Ax 
>, exp | ani 
xa Mo m 


«) Let p > 2, (A, p) = 1, let M, and Q, be integers such 
that 0 < M, < M, + Q < p and let T be the number of integers 
of the sequence Ax’; x = Mo, M,+ 1, ...,@+Q,-1, 
which are congruent modulo p to the numbers of the sequence 


M,Mo+1,..., 4+ Q- 1. Prove that 





< Vm Inm. 








1, 
p 


Qo? 
p 


re + OVp (In p)?. 





c. Deduce the formulae of problem b, 8) by considering the 
sum 


p= pl M+Q-1 M4+O=1 7 a(x — ay) 
BES ES (2) oxy (ons SO 

ae0 Gwi xeM yeM p p 
Numerical Exercises for Chapter V 


1, a. Find the quadratic residues in a reduced residue sys- 
tem modulo 23. 

b, Find the quadratic non-residues in a reduced residue sys- 
tem modulo 37, 

2, a. Applying e, $1, find the number of solutions of the 
congruences: 


a) x7 = 3(mod 31); 8) x7 = 2(mod 31). 
b. Find the number of solutions of the congruences: 
a) x7 = 5(mod 73); B) x? = 3 (mod 73). 


3, a. Using the Jacobi symbol, find the number of solutions 
of the congruences: 
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a) x7 = 226 (mod 563); 8) x7 = 429(mod 563). 
b. Find the number of solutions of the congruences: 
a) x? = 3766 (mod 5987); 8) x? = 3149(mod 5987). 


4, a. Applying the methods of problems 2, a; 2, b; 2, c, 
solve the congruences: 


a) x? = 5(mod 19); B) x? = 5(mod 29); y) x? = 2(mod 97). 
b. Solve the congruences: 


a) x? = 2(mod 311); B) x7 = 3(mod 277); 
y) x* = 11 (mod 353). 


5, a. Solve the congruence x* = 59(mod 125) by the methods 
of: 


a) b, $4; B) problem 5, a; y) problem 6. 
b. Solve the congruence x” = 91 (mod 243). 
6, a. Solve the congruence x* = 41 (mod 64) by the methods 
of: 
a) e, $4; B) problem 5, b. 


b. Solve the congruence x* = 145(mod 256). 
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CHAPTER VI 


PRIMITIVE ROOTS AND 
INDICES 


$1. General Theorems 


a. For (a, m) = 1 there exist positive y such thata” = 1 
(mod m), for example (by Euler’s theorem) y = g(m). The 
smallest of these is called: the exponent to which a belongs 
modulo m, 

b. [fa belongs to the exponent & modulo m, then the num- 
bers 1 = a, a’, ..., a° are incongruent modulo m. 

Indeed, it would follow from a’ = a“(mod m),O < k<1<5 
that a* = 1(mod m), 0 < 1 ~ k < &, which contradicts the 
definition of 5. ; 

c. If a belongs to the exponent § modulo m, then a” = a” 


(mod m) if and only if y = y* (mod 8); in particular (for y* = 0), 
a” = 1(mod m) if and only if y is divisible by 8. 

Indeed, let r andr, be the least non-negative residues of 
the numbers y and y’ modulo 5; then for some q and q, we 
have y = 69 +1, y’ = &q, + r. From this and froma” = 1 
(mod m) it follows that 


a” = (a*)4q" = a’(mod m), 


a” = (a*)41g"% = a‘1(mod m). 


Therefore a” = a”* (mod m) if and only if a’ = a"! (mod m), 


i.e. (b), when r = r,. 
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d. It follows froma’ ‘™ = 1] (mod m) and from c (y” = 0) 
that ¢(m) is divisible by 6. Thus the exponents to which 
numbers belong modulo m are just the divisors of ~(m). The 
largest of these divisors is g(m). The numbers belonging to 
the exponent ¢(m) (if such exist) are called the primitive 
roots modulo m. 


$2. Primitive Roots Modulo p* and 2p* 


a. Let p be an odd prime and let a > 1. We shall prove 
the existence of primitive roots modulo p® and 2p°. 

b. [f x belongs to the exponent ab modulo m, then x° be- 
longs to the exponent b. 

Indeed, let x* belong to the exponent 6. Then x*® = 1] 
(mod m), and hence (c, $1) a8 is divisible by ab, i.e. 6 is 
divisible by b. On the other hand, (x*)® = 1 (mod m) implies 
(c, $1) that b is divisible by 5. Hence & = b. 

c. If x belongs to the exponent a, and y belongs to the ex- 
ponent b modulo m, where (a, b) = 1, then xy belongs to the 
exponent ab. 

Indeed, let xy belong to the exponent 6. Then (xy)? =] 


(mod m). Hence x°®y°5 = ] (mod m) and (c, $1) x°® = 1 
(mod m). Hence (c, $1) 66 is divisible by a, and since 

(b, a) = 1, Sis divisible by a. In the same way we find 
that & is divisible by b. Since (a, 5) = 1, being divisible by 
a and 6, 6 is also divisible by ab. On the other hand, 


(xy)*° = 1 (mod m) implies (c, $1) that ab is divisible by 6. 
Hence 6 = ab. 

d. There exist primitive roots modulo p. 

Indeed, let r be the least common multiple of all those 
exponents 


(1) 5, 53, ee ey 5,, 


to each of which belongs at least one number of the sequence 
1, 2,...,p — 1 modulo p, and lets = gy1q,;2... q,* be the 
canonical decomposition of the number 7, Then for each s, 


106 


among the numbers (1) there exists some 5 which is divisible 
by q¢* and is therefore representable in the form 5 = ages. 
If x is a number belonging to the exponent 6, then, by b, 

x, = x" belongs to the exponent ggs. This holds for 
s=1,2,..., 4; by c, the number g = x,x,... x, belongs 
to the exponent q,1q,?... qk = 7 

But since the exponents (1) are just the divisors of the 
number 7, all the numbers 1, 2,..., p — 1 satisfy (c, $1) 
the congruence x” = 1 (mod p). This means (c, $4, ch. IV) 
thatp — 1 <¢ 7. But7is a divisor of p - 1. Hence 
7 = p — l,i.e. g is a primitive root. 

e, Let g be a primitive root modulo p. We can find at 
such that u, which is defined by the equation (g + pt)?" = 
= 1 + pu, is not divisible by p. The corresponding g + pt 
is a primitive root modulo p“ for any « > 1. 

Indeed, we have 


P-! — 1 + pT, 
(2) 2 : 
(g + pt)? = 14 p(T, — g?7t +. pT) = 1 + pu, 


where, along with ¢, u runs through a complete residue system 
modulo p. Therefore, we can find a ¢ such that u is not di- 
visible by p. For this t, we deduce from (2) the equations 


(g + pt)PP-) = (1 + pu)? = 1+ piu, 
(3) (g + pt)? (Pt) = (1 + p’u,)? = 14+ pu,, 


where u,, u,, ... are not divisible by p. 
Let g + pt belong to the exponent 5 modulo p*. Then 


(4) (g + pt)® = 1(mod p*). 


Hence (g + pt)? = 1 (mod p); and consequently 6 is a 
multiple of p — 1, and since 5 divides ¢(p*) = p™(p — D), 


107 


it follows that 5 = p™*(p — 1), where r is one of the numbers 
1,2,..., a. Replacing the left side of the congruence (4) 
by its expression in the appropriate equation of (2) or (3), we 


find (u = u,) 
1 + p'u, = 1(mod p*), p’ = O(mod p*), r = a, & = op”), 


i.e. g + pt is a primitive root modulo p*. 


f. Let «a > land let g be a primitive root modulo p°. 
Whichever of the numbers g and g + p° is odd, is a primitive 
root modulo 2p". 

Indeed, every odd x which satisfies one of the congruences 
x” = 1 (mod p*) and x” = 1 (mod 2p) obviously satisfies 
the other also. Hence, since p(p*) = ¢(2p%) for all odd x, 
a primitive root for one of the moduli p~ and 2p”, is also a 
primitive root for the other. But, of the two primitive roots 
g andg + p* modulo p*%, at least one is odd; and conse- 
quently, it will be a primitive root modulo 2p%. 


$3. Evaluation of the Primitive Roots 
for the Moduli p® and 2p° 


The primitive roots for the moduli p* and 2p® where p is 
an odd prime and « > 1, can be found by using the following 
general theorem: 

Let c = (m) and let qi, day «++ 5 Qk be the different prime 
divisors of the number c. In order that a number g, which is 
relatively prime to m, be a primitive root modulo m, it is 
necessary and sufficient that this g satisfy none of the 
congruences 


c c 
gm = l(mod~m), ga = 1(mod m), 
(1) c 


., gtk = 1(mod m). 
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Indeed, if g is a primitive root, then a fortiori it belongs to 
the exponent c and hence none of the congruences of (1) can 
be satisfied. 

Conversely, we now assume that g satisfies none of the 
congruences of (1), If the exponent & to which g belongs, 
turns out to be less than c, then, letting q be one of the prime 

c 
divisors of we would have — = qu, eres du, g? = 1 
q 
(mod p), which contradicts our assumption. Hence 5 = c 
and g is a primitive root. 

Example 1. Let m = 41. We have o(41) = 40 = 2°5, 

40 40 


a 8, yaa 20. Therefore, in order that the number g, 


not divisible by 41, be a primitive root modulo 41, it is 
necessary and sufficient that this g satisfy neither of the 
congruences 


(2) g’ = 1(mod 41), g” = 1(mod 41). 
Kut going through the numbers 2, 3, 4, ... we find (modulo 41) 


2* = 10, 3° = 1, 4¢ = 18, 5° = 18, 6° 


10, 


tl 


>=), 4°21, 5°21, 6 = 40. 


From this we see that the numbers 2, 3, 4, 5 are not primitive 
roots since each of them satisfies at least one of the con- 
gruences (2), The number 6 is a primitive root since it satis- 
fies neither of the congruences of (2). 

Example 2. Let m = 1681 = 41’. A primitive root can also 
be obtained here by using the general theorem. But we can 
find it more simply by applying theorem e, $2. Knowing 
(example 1) that 6 is a primitive root modulo 41, we find 


6 = 1 + 4103 + 410) 


(6 + 412) = 14 4103 + 411 — 6% + 417) = 1 + 41. 
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In order that uv be non-divisible by 41, it is sufficient to take 
t = 0. We can therefore take the number 6 + 41°0 = 6 asa 
primitive root modulo 1681. 

Example 3. Let m = 3362 = 21681. The primitive root 
can also be-obtained here by using the general theorem. But 
we can find it more simply by applying theorem f, $2. Know- 
ing (example 2) that 6 is a primitive root modulo 1681, we can 
take as a primitive root modulo 3362 the odd number in the 
pair 6, 6 + 1681, i.e. the number 1687, 


$4. Indices for the Moduli p* and 2p* 


a. Let p be an odd prime, « > 1; let m be one of the num- 
bers p* and 2p"; c = g(m), and let g be a primitive root 
modulo m. 

b. If y runs through the least non-negative residues 
y = 0,1, ..., ¢ — 1 modulo c, then g” runs through a 
reduced residue system modulo m. 

Indeed, g” runs through c numbers which are relatively 
prime to m, and by b, $1, incongruent modulo m. 

c. For numbers a, which are relatively prime to m, we 
introduce the concept of index, which is analogous to the 
concept of logarithm; here, a primitive root plays a role 
analogous to the role of the base of a logarithm: 


If 


a = g” (mod m) 


(we assume that y > 0), then y is said to be the index of the 
number a modulo m to the base g and is denoted by the symbol 
y = ind a (more precisely: y = indg a). 

In view of b, every a, relatively prime to m, has some 
unique index y* among the numbers of the sequence 


yes O;. Ly ware ye Oe 


Knowing y’, we can find all the indices of the number a; 
by c, $1, these are all the non-negative numbers of the class 
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y = y’ (mod c), 


It follows immediately from the definition of the index which 
we have given here that the numbers with a given index y form 
an equivalence class of numbers modulo m. 


d. We have 


ind ab... 1 = ind a + ind 6 +... + ind J (mod c) 


and in particular, 


ind a” = n ind a (modc). 


Indeed, 


a = gi"4 4 (mod m), b = es > (mod m), 


wo, L = gi"? "(mod m), 
and multiplying the latter together, we find 


ab...lez gre atind b+...+4ind ! (mod m). 


Therefore, ind a + ind b + ... + ind J is one of the 
indices of the product ab... l. 


e. In view of the practical use of indices, for each prime 
modulus p (which is not too large) tables of indices have 
been constructed. There are two tables: one for finding the 
index from the number, and the other for finding the number 
from the index. The tables contain the least non-negative 
residues of the numbers (a reduced residue system) and their 
smallest indices (a complete system) corresponding to a 
modulus p andc = g(p) = p — 1. 

Example. We construct the preceding table for the modulus 
p = 41. It was shown above (example 1, $3) that g = 6 is a 
primitive root modulo 41; we take it as the basis of the 
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indices. We find (congruences are taken modulo 41): 


6 =1 6 =10 6% =18 6*2+16 67? = 37 
6 = 6 6 =19 67226 OF = 14 6 =17 
6 =36 6% =32 6% =33 6% =2 6 = 20 
6 = ll 6% = 98 6% = 34 67 =12 6 = 38 
= 2 6% =4 6° =40 6% =31 6% = 23 
6227 OF 2% 6235 6 222 67 =15 
6 =39 64 =21 625 6829 C=8 
6’ = 29 6! 


tl 
qo 
AN 
w 
! 
wo 
[) 
N 
w 
- 
Ul 
~ 
ow 
% 
° 
Ul 





Here the row number is the first digit and the column number 
is the second digit of the number (index), At the place common 
to the given row and given column we place the corresponding 
index (number). 

For example, we find the ind 25 at the place in the first 
table common to the 2-nd row and the 5-th column, i.e. 
ind 25 = 4. The number whose index is 33 is found in the 
place in the second table common to the 3-rd row and the 
3-rd column, i.e. 33 = ind 17. 
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$5. Consequences of the Preceding Theory 


a. Let p be an odd prime; a > 1, let m be one of the 
numbers p“, 2p°, and finally, let c = ¢(m). 
b. Let (n, c) = d; then: 


1. The congruence 
(1) x" = a (mod m) 


is solvable ( and hence a is an n-th power residue modulo m) 
if and only if ind a is a multiple of d. 
In the case of solvability the congruence has d solutions. 


2. The number of n-th power residues in a reduced residue 
system modulo mis —. 
Indeed, the congruence (1) is equivalent to the congruence 


(2) n ind x = ind a (mod c) 


which is solvable if and only if ind a is a multiple of d 
(d, $2, ch. IV). 

If the congruence (2) is solvable, we find d values of 
ind x which are incongruent modulo c; corresponding to them 
we find d values of x which are incongruent modulo m, proving 
assertion 1, 

Among the numbers 0, 1, ..., ¢ — 1, which are the smallest 
indices of a reduced residue system modulo m, there are 


c 
7 which are multiples of d, proving assertion 2. 


Example 1. For the congruence 
(3) x® = 23 (mod 41) 


we have (8, 40) = 8, while ind 23 = 36 is not divisible by 8. 


Therefore the congruence (3) is unsolvable. 
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Example 2. For the congruence 
(4) x? = 37 (mod 41) 


we have (12, 40) = 4, while ind 37 = 32 is divisible by 4. 
Therefore the congruence (4) is solvable and has 4 solutions. 
These solutions are obtained in the following way: 

The congruence (4) is equivalent to the following ones: 


12 ind x = 32 (mod 40), ind x = 6 (mod 10). 


Hence we find 4 values of ind x which are incongruent 
modulo 40: 


ind x = 6, 16, 26, 36, 
from which we obtain the 4 solutions of the congruence (4) 
x = 39, 18, 2, 23 (mod 41). 
Example 3. The numbers 
(5) 1, 4, 10, 16, 18, 23, 25, 31, 37, 40 


whose indices are multiples of 4, are just all the biquadratic 
residues (or the residues of any powern = 12, 28, 36, ..., 
where (n, 40) = 4), among the least positive residues modulo 


40 


41, The number of integers in the sequence (5) is 10 = gee 


c. Along with assertion b, 1, we shall also find the follow- 
ing one useful: 
The number a is an n-th power residue modulo m if and 


only if 


c 


(6) a? = 1(modm). 
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Indeed, the condition ind a = 0 (mod d) is equivalent to the 
c 
condition: a ind a = 0(modc). The latter is equivalent to 


condition (6). 
Example. By the theorem of §3, the impossibility of the 
c 
congruence gt = 1 (mod m) is equivalent to the statement 
that g is a g-th power non-residue modulo m, In particular, 


c 
the impossibility of the congruence g? = 1 (mod m) is 
equivalent to the statement that g is a quadratic non-residue 
modulo m (cf. e, $1, ch. V). 
d, 1. The exponent 6 to which a belongs modulo m is de- 


c 
fined by the equation (ind a, c) = . ; in particular, the fact 


that a belongs to a number of primitive roots modulo m is 
equivalent to the equation (ind a, c) = 1. 

2. In a reduced residue system modulo m, the number of 
numbers belonging to the exponent & is ¢(S); in particular, 
the number of primitive roots is ¢(c). 

Indeed, 5 is the smallest divisor of c such that a=] 
(mod m). This condition is equivalent to 


& ind a = 0 (mod c), 


c 
ind a = 0 (mos z=) 
re) 


This means that 6 is the smallest divisor of c for which 


or 


z divides ind a, from which it follows that > is the largest 


divisor of ¢ which divides ind u, i.e. = (ind a, c), proving 


c 
r) 
assertion 1, 
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Among the numbers 0, 1, ..., c — 1, which are the smallest 
indices of a reduced residue system modulo m, the multiples 


c 
of are the numbers of the form Fes. where y = Q, 1, 


c 


..., O— 1, The condition (Er). a is equivalent to 


the condition (y, 5) = 1; and the latter is satisfied by ¢(65) 
values of y, proving assertion 2. 

Example 1, In a reduced residue system modulo 41, the 
numbers belonging to the exponent 10 are the numbers a such 


that (ind a, 40) = ert 4, i.e. the numbers 


4, 23, 25, 31. 


The number of these numbers is 4 = ¢(10). 

Example 2. In a reduced residue system modulo 41, the 
primitive roots are the numbers a such that (ind a, 40) = 1, 
i.e. the numbers 


6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35. 
The number of these primitive roots is 16 = (40). 


$6. Indices Modulo 2° 


a. The preceding theory is replaced, for the modulus 2°, by 
a somewhat more complicated one. 

b. Let a = 1. Then 2% = 2. We have (2) = 1. A primi- 
tive root modulo 2 is, for example, 1 = —1 (mod 2). The 
number 1° = (—1)° = 1 forms a reduced residue system modulo 
2. 

c. Let a = 2. Then 2 = 4. We have ¢(4) = 2. The 
number 3 = ~1 (mod 4) is a primitive root modulo 4. The 
numbers (-1)° = 1, (1)! = 3 (mod 4) form a reduced residue 


system modulo 4. 
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d. Let « > 3. Then 2% > 8. We have (2°) = 2%", Itis 
easy to see that there are no primitive roots in this case; more 
precisely: the exponent to which the odd number x belongs 


modulo 2% does not exceed 2%? = z (2”), Indeed, we have 


x? = 14 2%... = 1 (mod 2°), 


Therefore, there exist numbers belonging to the exponent 
2*-?, For example, 5 would be such a number. Indeed, 


5 


tl 


1 + 4, 
5? 


i 


1+ 8+ 16, 
5° = 1+ 16 + 32u,, 


from which we see that none of the powers 5’, 5’, 5*, ..., 5” ss 


is congruent to 1 modulo 2°. 
It is not difficult to see that the numbers of the following 
two rows: 


O-~2_y 


Bryce) aang 28" ; 
Om 2 oe 


~5°, -5', ..., -5' 


form a reduced residue system modulo 2%. Indeed, the number 
of these numbers is 2: 2%? = (2°); the numbers of each 
individual row are incongruent among themselves modulo 2° 
(b, $1); finally, the numbers of the upper row are incongruent 
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to the numbers of the lower row since the former are congruent 
to 1, while the latter are congruent to -1 modulo 4. 

e. For convenience in later investigations, we express the 
results of b, c, d in more unified form, which is also applicable 


in the case a = 0. 


Let 


c 


Kt 


lc, = 1, if ao = 0, ora =]; 
c= 2; c= 2%, ifa>2 


(therefore ccy = p(2%)) and let y and y, run independently 
through the least non-negative residues 


¥ = Op ass @ 2 1b yo aH, aatyeg = 1 
modulo c and cy. Then (-1)”5”° runs through a reduced 


residue system modulo 2°. 


f. The congruence 


(1) (-1)57% = 1)” 57° (mod 2%) 
holds if and only if 


y = y’ (mod c), yp = yo (mod c,). 


Indeed, the theorem is evident for a = 0. We therefore 
assume that a > 0. Let the least non-negative residues of 
the numbers y and y, be r and ry, and of the numbers y“ and 
yo ber’ and ry modulo c and cy. In view ofc, $1 (—1 belongs 
to the exponent c, while 5 belongs to the exponent c,), the 
congruence (1) holds if and only if (1)5 = (-1)' 5° (mod 


2°), i.e. if and only if r = r’, r, = r¢ (in view of e). 
y To 0 


g. If 


a = (-1)”5”° (mod 2°), 
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then the system y, y, is called an index system of the number 
a modulo 2°. 

In view of e, every a relatively prime to 2* (i.e. every odd 
a) has a unique index system y’, yg in the cc, = (2°) pairs 
of values y, y, considered in e, 

Knowing a system y’, yg, we can also find all index sys- 
tems of the number a; according to f, these will be all pairs 
Y» Yo consisting of the non-negative numbers of the equiva- 
lence classes 


y =y’ (mod c), yp = yo (mod c,). 


It follows immediately from the definition we have given of 
index systems that the numbers with a given index system 
Y» Yo forms an equivalence class of numbers modulo 2°. 

h, The indices of a product are congruent modulo c and cy 
with the sums of the indices of the factors. 

Indeed, let y(a), y,(a); ...; y(l), yo(t) be index systems for 
the numbers a,...,/. We have 


a ee Le CL) OHH AYO 5 Volt 66 701) 


Therefore y(a) + ... + y(l), yola) + ... + yo(l) are the 
indices of the producta...l. 


$7. Indices for Arbitrary Composite Modulus 


a. Let m = 2%pitp7? ... px* be the canonical decomposi- 
tion of the number m. Moreover let c and c, have the values 
considered in e, $6; c, = (pss); and let g, be the smallest 
primitive root modulo p¢°. 


b. If 


a = (-1)”5”° (mod 2°), 
(1) 


a = g?'(modp.*), ..., a = gx* (mod pg), 
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then y, Yo, Yay «++» Ye 1S called an index sysiem of the number 
a modulo m. 

It follows from this definition that y, y, is an index system 
of the number a modulo 2°, while y,, ..., yx are indices of the 
number a for the moduli p;7, ..., py*. Hence (g, $6; c, $4) 
every a which is relatively prime to m (and hence also rela- 
tively prime to all the numbers 2%, p™, ..., py*), has a unique 
index system y’, Yo, Yiy -++y Yu im the ccege, ... Cy = Plm) 
systems which are obtained by letting y, yo, yi, - ++» Yue Tun 
independently through the least non-negative residues for the 
moduli c, co, C1, +++, Cx, While all the index systems of the 
number a are just all the systems y, yo, Yi) +++» Ye Consisting 
of the non-negative numbers of the equivalence classes 


y =y’ (mod c), yo = yo (mod c,), 
¥1 = yi (mod c,), ..+, Ye = Vu (mod c,). 


The numbers a with a given index system y, yoy Yiy ++) Yr 
can be found by solving the system (1), and hence they form 
an equivalence class of numbers modulo m (b, $3, ch. IV). 

c. Since the indices y, yg, y,, «++, Yx of the number a 
modulo m are the indices for the respective moduli 2%, p:?, 
.ee, Pek, we have the theorem: 

The indices of a product are congruent modulo c, Co, ..+4 Cx 
to the sums of the indices of the factors. 


1 
d. Letz = (2%) for a <¢ 2 andz = ge tae a>2 


and let A be the least common multiple of the numbers ,, c,, 
+++) Cy» For every a which is relatively prime to m the con- 
gruence a” = 1 holds for all the moduli 2°, py't, ..., pats 
which means that this congruence also holds for the modulus 
m. Hence a cannot be a primitive root modulo m in those 
cases in which h < g(m). But the latter holds for a > 2, 
fork > 1, and for a = 2,4 = 1. Hence for m > 1, primitive 
roots can only exist if m = 2, 4, p;?, 2p; !. But the existence 
of primitive roots in these cases was proven above ($6, $2). 
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Hence 


All the cases in which primitive roots modulo m, exceeding 
1, exist are just the cases in which 


m= 2, 4, p’, 2p*. 
Problems for Chapter VI 


The letter p always denotes an odd prime, except in problem 
11, b where we also allow the value 2. 

1, a, Let a be an integer, a > 1. Prove the odd prime 
divisors of the number a? — 1 divide a — 1 or are of the 
form 2px + 1. 

b. Let a be an integer, a > 1. Prove that the odd prime 
divisors of the number a? + 1 divide a + 1 or are of the form 
2px +1. 

c. Prove that there are an infinite number of primes of the 
form 2px + 1. 

d. Let n be a positive integer. Prove that the prime divisors 
of the number 27” + 1 are of the form 2"*'x + 1. 

2. Let a be an integer, a > 1, and let n be a positive 
integer. Prove that g(a” - 1) is a multiple of n. 

3, a. Let n be an integer, n > 1. Starting from the sequence 
1, 2,..., 2” we forn, for oddn, the permutations 


1, 3,5, ...,7—-2,n,n-1l,n-3,..., 4, 2; 
1p 55-9) aay Ue 8 
etc., while for even n we form the permutations 


1, 3,5, ...,2-I1, n,n — 2, ..., 4, 23 


etc. Prove that the k-th operation gives the original sequence 
if and only if 2* = +1 (mod 2n — 1). 

b. Let n be an integer, n > 1, and let m be an integer, 
m > 1. We consider the numbers 1, 2,.... 2 in direct order 
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from 1] to n, then in reverse order from n to 2, then in direct 
order from 1 to n, then in reverse order from n to 2, etc. From 
this sequence we take the lest, (m + l)-st, (2m + 1)-st, etc., 
until we obtain n numbers. We repeat the same operation with 
this new sequence of n numbers, etc. Prove that the ‘th 
operation gives the original sequence if and only if 


m* = +1 (mod 2n — 1) 


4. Prove that there exist (5) numbers belonging to the 
index 8, by considering the congruence x” = 1 (mod p) 
(problem 10, c, ch. IV) and applying d, $3, ch. II. 

5, a. Prove that 3 is a primitive root of any prime of the 
form 27 + 1, n> 1. 

b. Prove that 2 is a primitive root of any prime of the form 
2p + lif p is of the form 4n + 1, while —2 is a primitive root 
of any prime of the form 2p + 1 if p is of the form 4n + 3. 

c. Prove that 2 is a primitive root of any prime of the form 
4p + 1. 

d. Prove that 3 is a primitive root of any prime of the form 

nn) 


2°p + 1 forn > 1 and p > 





6, a, a) Let n be a positive integer and let S = 1” + 2" + 
+... + (p — 1)". Prove that 


S = ~-1 (mod p), ifn is a multiple of p - 1, 


S = 0 (mod p), otherwise. 


B) Using the notation of problem 9, c, ch. V, prove that 
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b. Prove Wilson’s theorem by applying b, $4. 

7. Let g and g, be primitive roots modulo p, and let 
a indy g- = 1 (mod p — 1). 

a. Let (a, p) = 1. Prove that 


indg, @ = a ind, a (mod p ~ 1). 


b. Let n be a divisor of p- 1, 1 <n <p-— 1. The nun- 
bers relatively prime to p can be divided into n sets by putting 
those numbers such that ind a = s (mod n) in the s-th set 
(s = 0, 1, ..., » ~ 1). Prove that that the s-th set for the 
base g is identical with the s,-th set for the base g,, where 
Ss, = as (modn). 

8. Find the simplest possible method of solving the con- 
gruence x” = a (mod p) (convenient for (n, p — 1) not too 
large) when we know some primitive root g modulo p. 

9, Let m, a, c, Coy Cyy e+ +y Ces ¥s Yor Viv «++ Yu Have the 
values considered in $7. Considering any roots R, R,, R,, 
..+, Ry of the equations 


Re = 1, Roo= 1, Rov = 1, ..., RE = 1, 
we set 
x(a) = RYRYOR™: .,. RY, 


If (a, m) > 1, then we set y(a) = 0. 

A function defined in this way for all integers a is said to 
be a character. If R= R, = R, =... = Ry, = 1, then we say 
that the character is principal; it has the value 1 for (a, m) = 
= ], and the value 0 for (a, m) > 1. 

a, Prove that we obtain ¢(m) different characters in this 
way (two characters are said to be different if they are not 
equal for at least one value of a). 

b. Deduce the following properties of characters: 


a) y(1) = 1, 
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B) x (a,a,) = x(a,) x(a,), 
y) x(a,) = y(a,), if a, = a, (mod m). 


c. Prove that 


er p(m), for the principal character, 
»: x(@) = 
a=0 0, for other characters. 


d. Prove that, for given a, summing all ¢(m) characters, 


we find 
g(m), if a= 1 (mod m) 
» x(a) = 
x 


0, otherwise. 
e. By considering the sum 


x (a) 
yy(a) 





ae as 


x a4 

where a runs through a reduced residue system modulo m, 
prove that a function y(a) defined for all integers a and 
satisfying the conditions 

wa) = 0, if (a, m) = 1, 

w(a) is not identically equal to 0, 

y(a,a,) = (a, Y(a,), 

wWa,) = y(a,), if a, = a, (mod m), 
is a character. 

f. Prove the following theorems. 


a) If y,(a) and ,(a) are characters, then y,(a) y,(a) is 


also a character. 
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B) If y,(a) is a character and y(a) runs through all the 
characters, then y,(a) (a) also runs through all the characters. 


y) For (J, m) = 1, we have 





x (2) p(m), if a = I (mod m) 
X xv 2) ~ 


0, otherwise. 


10, a. Let n be a divisor of p)>— 1,1 <n < p — 1, and 
let J be an integer which is not divisible by n. The number 


R, = e’”'® is a root of the equation RK? = 1, and hence the 
ft ind x 

power eo , which is assumed to be equal to 0 for x 

a multiple of p, is a character modulo p. 


a) For (k, p) = 1, prove that 


p=t / eas) 7 


>: exp eu 


xa n 


B) Let Q be an integer, 1 < Q < p, and let 


— 2 dey _Lind (x + z) 
S$ s >», |S iis lr Oras eS D> exp as 


xed z=0 


Prove that S = (p — Q)Q. 

y) Let M be an integer, p > 4n?, n > 2. Prove that the 
sequence M, M+ 1, ..., M+ 2[nVp ] — 1 contains a number 
of the s-th set of problem 7, b. 


— ) 2 
b. Let p > 4 (2) 2?* | let & be the number of 
p(p-— 1) 


different prime divisors of p — 1, and let Af be an integer. 
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Prove that the sequence M, M+ 1, ..., M+ 


~ 1 
+2 See ap — 1 contains a primitive root modulo p. 
g(p — 1) 


11, a. Let a be an integer, let n be a divisor of p — 1, 
1 <n p-— 1, and let k be an integer which is not divisible 


by n, 
p-1 k ind x ax 
Ua,p = D, exp | 2m exp ai | 
n 





x= P 


a) For (a, p) = 1, prove that [Ua, pl = Vp : 
B) Prove that 


ons #8) Ue 
exp (27i-————_] = 7, 


n U, 





y) Let p be of the form 4m + 1, and let 


p-2 ind (x? + = 
S = 2 , . 
= exp (on Fi 


xml 


Prove that (cf. problems 9, a and 9, c, ch. V) p = A? + B?, 
where A and B are integers defined by the equation 
S=A + Bi. 

b. Let n be an integer, n > 2, m > 1, (a, m) = 1, 


- | , Sa,m = By exp (20 = ’ 
é m 


ax 








m 


Sajm = 2, exp (20 


where x runs through a complete residue system, while & 
runs through a reduced residue system modulo m (cf. problem 
12, d, ch, IM and problem 11, b, ch. V). 

a) Let & = (x, p — 1). Prove that 


Seen g (6 oe l)Vp . 
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B) Let (n, p) = 1 and let s be an integer, 1 < s ¢ n. Prove 
that 


S orn = 0. 


a,p® ~ p >a, p® 
y) Let s be an integer, s > n. Prove that 


Soa = pts, 


a,p* 


a—n S’* = 0. 


p a,p* 


6) Prove that 


A 
[Sejm] < Cm, 


where C only depends on n. 
12. Let M and Q be integers such that0<M<M+Q <p. 
a. Let n be a divisor ofp — 1, 1 < n < p — 1, and letk be 
an integer which is not divisible by n. Prove that 


M+Q~t (2 kind x 
Dd. exp {2m 


xa M 





< Vp Inp. 








b, Let T be the number of integers of the s-th set of 
problem 7, b, contained in the set of numbers M, M+ 1,..., 
..+, M+ Q- 1. Prove that 


Ba ee Be AOR AY wai 
n 


c. Let & be the number of prime divisors of p — 1, and let 
H be the number of primitive roots modulo p in the set of 


numbers M, M+1,...,M@+Q — 1. Prove that 


(p - 1) 
P= 0 + 62*Vp Inp; |6| <1. 
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d. Let Mf, and Q,be integers, 0 < M, <M, +Q,< p-1, 
and let J be the number of integers et tlie sequence And M, 
ind (M + 1), ..., ind (Mf + Q — 1) in the sequence M,, M, + 1, 
, M, + Q - 1. Prove that 


J = C0: + O0Vp (Inp); |@| <1. 


p-l 





13. Prove that there exists a constant p, such that: if 
Pp > Po, nis a divisor of p — 1, 1 < n < p — 1, then the 
smallest of the positive non-residues of degree n modulo p is 


a 1 
<h; h = p° (Inp)'; ¢ = 2exp ( - ~) , 
n 
14, a. Let m > 1, (a, m) = 1, 


s. 5 oy v(x) p(y) exp (ani =) ‘ 


x20 ye 


yr bw =x, Flew = 
x=0 yao 


Prove that |S| < VX¥m. 

b, a) Let m > 1, (a, m) = 1, let n be a positive integer, 
let K be the number of solutions of the congruence x" = 1 
(mod m), and let 


m=! ax 
She = xine ™ 


Prove that |S| < KVm . 
8) Let ¢ be an arbitrary positive constant. For constant n 
prove that K = O(m*) where K is the number considered in 


problem a). 
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15, a. Let (a, p) = (6, p) = 1 and let n be an integer, 
In| =n, 0<n, <p, 


Prove that 


2 eee 
ls|< oP. 


b. Let (A, p) = 1, let n be an integer, |n| = n,, 0 <n, <p, 
and let M, and Q, be integers such that 0 < M, < M, + Q, < p. 
a) Let 


Mo+Qo~-! 


Ax" 
S= }° exp (an . 
P 


x= Mo 





3 
ry 


Ses 
Prove that |S| < pee In p. 


B) Let M and Q be integers such thatO <M<M+Q<p, 
and let T be the number of integers of the sequence Ax"; 
x = M,, M, +1, ..., My + Q, — 1, congruent to numbers of 
the sequence M, M+ 1, ..., Mf + Q, — 1 modulo p. 

Prove that 


ee 
ae QQ Omi P* (In p)’; |@| <1. 
p 


c. Let 6 and c be integers, (a, p) = 1, (b? - 4ac, p) = 1. 
a) Let y be an integer, 


P-1 fax? + bx + ¢ yx 
S= be (mats) exp | 27i—— } . 
P p 
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Bo ok 
Prove that |S| < ae. ‘ 


B) Let M and Q be integers such that0 <M<M+Q <p, 
and let 


S = 


x=aM P 


M+O-1 fax? + bx + ¢ 
2 rm 


a 
Prove that |S| < ral In p. 


Numerical Exercises for Chapter VI 


1, a, Find (in the simplest possible way) the exponent to 
which 7 belongs modulo 43, 

b. Find the exponent to which 5 belongs modulo 108. 

2, a, Find the primitive roots modulo 17, 289, 578. 

b. Find the primitive roots modulo 41, 1681, 3362. 


c. Find the smallest primitive roots modulo: 
a) 1682; B) 3362. 


3, a. Form the table of indices modulo 17. 

b. Form the table of indices modulo 41. 

4, a. Find a primitive root modulo 71, using the method of 
the example of c, $5. 

b. Find a primitive root modulo 191. 

5, a. Using the table of indices find the number of solutions 
of the congruences: 


a) x®° = 79 (mod 97); B) x** = 17 (mod 97); 


y) x*® = 46 (mod 97). 


b. Find the number of solutions of the congruences: 
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a) 3247 = 31 (mod 41); B) 7x7 = 11 (mod 41); 
y) 5° = 37 (mod 41). 


6, a. Using the table of indices, solve the congruences 


a) x? = 59 (mod 67); B) °° = 17 (mod 67); 


y) «7° = 14 (mod 67). 


b. Solve the congruences: 


a) 23x25 = 15 (mod 73); B) 37x* = 69 (mod 73); 
y) 4427 


53 (mod 73). 


7, a, Using the theorem of c, $5, determine the number of 
solutions of the congruences: 


a) x? = 2(mod 37); B) x** = 10 (mod 37). 
b. Determine the number of solutions of the congruences: 
a) x* = 3 (mod 71); B) x** = 5 (mod 71). 
8, a. Applying the methods of problem 8, solve the con- 


gruences (in the solution of the second congruence use the 
table of primitive roots at the end of the book): 


a) x”? = 37 (mod 101); 8) x = 44 (mod 101). 


b. Solve the congruence 


x? = 23 (mod 109). 


9, a. Using the table of indices, in a reduced residue sys- 
tem modulo 19 find: ao) the quadratic residues; 3) the cubic 
residues. 
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b. In a reduced residue system modulo 37, find: «) the 
residues of degree 15; 8) the residues of degree 8. 

10, a. In a reduced residue system modulo 43, find: «) the 
numbers belonging to the exponent 6; 8) the primitive roots. 

b. In a reduced residue system modulo 61, find: «) the 
numbers belonging to the exponent 10; f) the primitive roots. 
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SOLUTIONS OF THE 
PROBLEMS 


Solutions of the Problems for Chapter /. 


1, The remainder resulting from the division of ax + by 
by d, being of the form ax’ + by’ and less than d, must be 
equal to zero. Therefore d is a divisor of all numbers of the 
form ax + by, and in particular is a common divisor of the 
numbers a‘ 1 + 5:0 = a and a*Q + 56:1 = b. On the 
other hand, the expression for d shows that every common 
divisor of the numbers a and b divides d. Therefore 
d = (a, b), and hence theorem 1, d, $2 is valid. The 
theorems of e, $2 are deduced as follows: the smallest 
positive number of the form amx + bmy is amx, + bmyg; 


b 


a 
the smallest positive number of the form —x + re is 


a b 
5° + "5 7 


The generalization of these results is trivial. 
2. We first note that the difference of two unequal rational 


k 
fractions 7 and as (1 > 0, n >. 0) is numerically > ae 
n n 


a 
We restrict ourselves by the assumption 5, < Se4:. Let — 


b 


be an irreducible fraction, which is not equal to 5, , such that. 
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a 
0<5b<@Q,. We cannot have 5, < ms < 864.3; otherwise 


we would have 








a 1 
aH oe 5s 2 
b bQ, 
id 1 
5, a 
a b bQ a4: 
1 
Os41 bs 


> —___. 
QeQoss 
a a 
Therefore = < 8, or 8e4, < ri In both cases 6, is closer 


a 
to o than —., 
b 


3. Forn < 6 the theorem is evident; we therefore assume 
n> 6. We have 


1+ V5. 
gs 1.618 ...; log,.¢ ~ 0.2...; 
Q, > l=g,=1 

Q,>Q,+1> g, = 22> €, 


A>2+2>8=h&&tarée+le= e, 


Qn > Qnas + Qn-2 > Bna-t = n-2 + Bn~s > ET 4 EM we Er, 
Hence 


log,oV 


N>é&™7 sn < 
logo € 


+2< 56 +2; n ¢ 5k +1. 
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0 1 
4, a. For the fractions ea and a we have O°1 ~ lel = 


A C 
= ~1. Between the fractions and D with AD ~ BC = -1, 


eG 


+ 
~ B(A + C) = (A + C)D ~ (B + D)C = ~1. Therefore the 


assertion at the end of the problem is true. The existence of 





, and hence A(B + D) - 


we insert the fraction 


a c 
a fraction a such that ; < — < —,1 <1 is impossible. 


d 
Otherwise we would have 
k 1] Cc k 1] Cc 
l l 


= ioe 20S) 
b lb d ld d 


a by+d 1 
—> eras 
b lbd bd 





b. It is evident that it is sufficient to consider the case in 

: a c a c 
which 0 < a < 1. Let — ¢ a« < —, where — and — are 
b d b d 


neighboring fractions of the Farey series corresponding to r. 
There are two possible cases: 








a 
oe 3 ga<c— 


We therefore have one of the two inequalities 


a ] c ‘ ] 
eae | ibaa ee db + d) 














from which the required theorem follows because b + d > 7. 
c. For « irrational, the theorem follows from h, $4, if we 


“1, where 0... <7 < Qa; 


el 





take for — the convergent 
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a 
In the case of rational « = —, the above argument is only 
b’ a, 
valid for 6 > 7. But the theorem is true for 6 < 7, since we 
. a ° ° 
can then take the fraction — itself for —, setting 0 = 0. 


5, a. The remainder resulting from the division of an odd 
prime by 4 is either 1 or 3. The product of numbers of the 
form 4m + 1 is of the form 4m + 1. Therefore the number 
4p, ...p, — 1, where the p,,..., py are primes of the form 
4m + 3, has a prime divisor g of the form 4m + 3. Moreover 
q is different from the primes p,, ..., Px. 

b. The primes greater than 3 are of the form 6m + 1 or 
6m + 5. The number 6p, ... p, — 1, where the p,,..., px 
are primes of the form 6m + 5, has a prime divisor q of the 
form 6m + 5. Moreover, q is different from the numbers 
Pais ese) Phe 

6. Let p,,...,p% be any & primes, and let N be an integer 
such that 2 < N, (3 In N)* < N, The number of integers a of 
the sequence 1, 2, ..., N, whose canonical decomposition is 
of the form a = p, )... pxk, is 





InN ‘ 
«(2 +1) < (3In NE <N 


In N 


n 


. Therefore there are numbers in the 





Since a, < 


sequence l, 2, ..., N whose canonical decomposition con- 
tains primes different from p,,...5 Pe> 
7, For example, we obtain such sequences for 


M=2°3+*+(K + le + 2; 2¢21,2,... 


8. Taking an integer x, such that f(x) > 1 and f’(x) > 0 
for x > Xo, we set f(x.) = X. All the numbers f(x + Xe); 
t= 1, 2,... are composite (multiples of X). 
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9, a. If (1) holds, one of the numbers x, y, say x, is even; 
it follows from 


Z2+ Ze 
s ; i-1) = ], that there exist 
2 2 





where, clearly, ( 
positive integers u and v such that 


x Zz ~ 
bs ee 1 ey. ; 
= UD, =U, = vy", 


2 2 





This implies the necessity of the condition considered in the 
problem. 

The sufficiency of these conditions is evident. 

b. In the solution of this problem all letters denote positive 
integers. Assume the existence of systems x, y, z such that 
x+y‘ = 27,x>0,y > 0,z > 0, &, y, z) = 1, and choose 
the system with smallest z. Assuming x to be even we find 
xt = Quv,y? = u? - v’,u > v > 1, (u,v) = 1, where vis 
even (for even u we would have y* = 4N + 1, u’ = 4N,, 

v? = 4N, + 1,4N + 1 = 4N, - 4N, — 1, which is impossible). 
Hence u = zi, v = 2w’, y? + 4u* = z}, Qu? = 2u,v,, u, = x}, 
v, = yi, xf + yt = zi, which is impossible since z, < z. 

It follows from the non-solvability of the equation 
x‘ + y* = z? that the equation x* + y* = ¢* is not solvable 
in positive integers x, y, ¢. 


10. Setting x = ; (k, 1) = 1, we find 


k 
l 
kh” 4 a,ko7l +... + a,l" = 0. 


Therefore k" is a multiple of / and hence! = 1. 
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11, a. Let & be the largest integer such that 2“ <n and 
let P be the product of all the odd numbers which do not 
exceed n. The number 2*-'PS is a sum, all of whose terms, 


except 2 Pe , are integers. 


b. Let & be the largest integer such that 3* < Qn + 1 and 
let P be the product of all the integers relatively prime tr 6 
which do not exceed 2n + 1. The number 3*~'PS is a sum, 


1 
all of whose terms, except ae ores , are integers. 


12. Forn < 8, the theorem is immediately verifiable. It is 
therefore sufficient to assume that the theorem is true for the 
binomials a + 6, (a + 56}, ..., (a2 + 5)" forn > 8, and 
prove that the theorem holds for (a + 5)". But the coefficients 
of this binomial, except for the extreme ones, which are equal 
to 1, are just the numbers 


n n(n — 1) n(n - 1)... 2 


1’ 12 1D cil SA) 


’ 9 ee e9 


A necessary and sufficient condition in order that all these 
numbers be odd is that the extreme numbers, both equal to n, 
be odd, and the numbers obtained by deleting the odd factors 
from the numerators and denominators of the remaining numbers 
be odd. 

But, setting n = 2n, + 1, these numbers can be represented 
by the terms of the sequence 


ie n(n, — 1) n(n, a 1) een’ 


; CEE TD Piet ee 1) « 


1 LZ 


Since n, <n, the latter are all odd if and only if n, is of the 
form 2* — 1, i.e. if and only if n is of the form 2(2* — 1) + 
+ ] = 2k# ~ ], 
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Solutions of the Problems for Chapter Il 


1, a. On the ordinate of the point of the curve y = f(x) 
with abscissa x there are [f(x)} lattice points of our region. 

b. The required equation follows from T, + T, = T, 
where 7,, T,, T denote the number of lattice points of the 
regions 


Q P 
OS eR OS ee, 
2 Q 
0 E 0 oe 
<y<—,0<x<—y, 
bd 9 Pp? 
P 
a ee ee 
2 2 


c. The required equation follows from 
T= 1 +47, 4 T, + Ty —T,), 


where 7,, T,, T,, T, denote the number of lattice points of 
the regions 


x=0,0<yC¢r; 


A 
O<x< »,O<yx¥ < Vr - x; 








O<y< 





: 
O<x<¢ —, 0<y< 
V2 
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d. The required equation follows from T = T, + T, ~ Ty, 
where 7,, T,, 7, denote the number of lattice points of the 
regions 


n 
O<x<evn ,0<y< —-; 
x 


O<y<Vvn ,O0<xx 


"Ie 


O<x<oVn,0<y¥<Vn. 


2. The number of positive integers which do not exceed n 
is equal to [n]. Each of them is uniquely representable in the 
form xk™, where & is a positive integer; moreover, to a given 


m, 
x there correspond i eS numbers of this form. 


3. We prove the necessity of our conditions, Let N be an 
integer, N > 1. The number of values x such that [ax] < N 


N 

can be represented in the form — +A;0 <A < C, while the 
ao 

number of values y such that [By] < N can be represented in 


N 
the form B + Ay3 O< A, < Cy, where C and C, do not de- 
N N 
pend on N. Dividing — + A + B + 4, = N by N, and 
a 


] 1 
letting N —> ©, we find — + B = ]. The latter equation 
a 


for rational a = rac > b > 0) would give [ab] = [Bla — b)). 


Let our conditions be satisfied. Let c be a positive integer, 


c c 
and letx, = — + & and y, = — +17 be the smallest 
o 


B 
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c c 
integers such that x» > —, yp » —. Evidently, [ax] 2 ¢ 
Oo 


bre ees and [By] z ¢ foryZy, O< €<1,0<7 <1, 
a€ and By are irrational. Since x, + ys = c + n + &, we 


a€ Bn 


have € + » = 1, —~ + —— =]; therefore one and only one 
oO 


of the numbers o€ and Bn is less than 1. Therefore, one 
and only one of the numbers [ax,] and [By,] is equal to c. 
4, a. Our differences are equal to 


jax, t, La(x, ir. x,)}, ooey fa(x, ar x1), {ox}, 


they are non-negative, their sum is equal to 1, there are ¢ + 1 
of them; therefore at least one of these differences does not 


1 
; < —, and hence there exists a number smaller 
f+ T 





exceed 


1 
than — of the form {+a0}, where 0 < Q <7. From 
7 

+00 = [40Q] + {+0Q}, setting +[+0Q] = P, we find that 
1 


Jog - P| <—, 
7 








b. Setting X, = [X], Y, = [Y],..., Z, = [Z], we consider 
the sequence formed by the numbers Sox + By +... + yz} 
and the number | arranged in non-decreasing order, assuming 


that x, y,..., z run through the values: 


x= 0, l, veey Xs ¥ = O, lL, wae, Yo; z= 0, 1, vacy Zoe 


We obtain (X, + 1)(Y¥, + 1)... (Z, + 1) + 1 numbers, from 
which we obtain (X, + 1)(Y, + 1)... (Z, + 1) differences. 
At least one of these differences does not exceed 


1 1 
SSS ee See 
(X, + 1)(¥, + Ll)... (2, + DD AY dak 


It is easy to obtain the required theorem from this. 
5. We have a = cq tr+ jaf; O< r<4q, 


sede = q+ — = 4q; tet —— q+ = qd. 
c 64 c c 
6, a. Wehave [on + B+... + Al = [ol] + (Bl +... + 


+ (A) = (fat + fRi +... + fh). 


b. The prime p divides n!, a!, ..., /! to the exact powers 


JG Bales 


Moreover 











Fl lt 


7, Assuming that there exists a number a with the required 
properties, we represent it in the form 


1 


a= qypt™ + quapt + «2. + Gap? + GP + 9° 


O< qn <p, 9 € Guu < Py ose, 
0<n<pOKg<p,0K<q' <p 
By b, $1, 


h = Gk + Verge to ooo + Jy + Yolo: 
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Moreover, for any s = 1, 2, ..., m, we have 
Jomtte—s + Jonaugua toe + Gyy + ollo < Use 


Therefore our expression for h must coincide completely with 
the one considered in the problem. 

8, a. Letting x, be an integer, O<¢ a <B< R, 
x,<a< pf < x, + 1, and integrating by parts, we find 


B B 
‘ | oe i p’(x)flx)dx = (B)f(B) — pladfla) - 
B 
— o(B)f"(B) + ofa)f7*(a) + lomo 


a 
In particular, for Q < x,, x, + 1 < R, passing to the limit, 
we have 
Myth 1 1 x41 
-{ f(x)dx = =m +1) - gf) + | o(x)f’"(x)dx. 
xy xy 


We can then obtain the required formula easily. 
b. Rewriting the formula of problem a in the form 


R Q 
DL f(x) = J toa: - | f(x)dx + p(R)(R) — p(Q)f(Q) - 


Q<x&R 
— ofR)f(R) + 0(Q)f’(Q) + | sade J olx)f’“(adde, 
Q 


R 


we obtain the required formula. 
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c. Applying the result of problem b, we find 


Inl+In24+...¢ Inn =C+alnn—-n+ 





x2 


1 r o(x) 
rym fS dx =nInn—n + O(Inn). 


n 


9, a. «) We have (b, $1 and problem 5) 


(1) In((n}!) = 2; (EF + Fale ... Imp. 
p&n P P 


The right side represents the sum of the values of the function 
In p, extended over the lattice points (p, s, u) with prime p of 


n 
the region p > 0,s > 0,0 <u < —. The part of this sum 


V n 
corresponding to given s and u is equal to © ( ) ; the 
u 


n 
part corresponding to given u is equal to & (~.] . 
u 


f) Applying the result of problem a) forn > 2, we have 


In ([n] !) - 2 In (i | as 
2 
~in)~v (2) +¥(5) -v (4) +...>U(n)— (=). 


Setting | = m, we then find ([n] = 2m, [n] = 2m + 1) 
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n (2m + 1)1 
yen 


lea G (nl 
Hees are 
< In patent cae ») < In(2™3") <n, 
1:2...%m 


y(n) = y(n) ~ yp (=) + ys (=) a y (=| + 


n n n n 
+ wl — -¥(%) toeeS nt mt mein. me Qn, 
4 8 2 4 


y) We have (by the solution of problem 8) and the result of 
problem 8, c) 


n n n [n]1 
Yn) — Yb (=) + W (=) — yw (=) toca “Tay a 
2 a ; 
] ) 


= (njIn[n] — [n] ~ 2 A In B + 2 =| + O(Inn) = 


=~nin2 + O(Inn). 


Moreover, for s > 2 we find (problem 8)) 


ave) -0(V= ), 
<2 Va always 


"ToT 
+0 (} =) eee 
3 Inn 
~Ofors>riee | ie 


In 2 
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Therefore 


sco-o() (8) -#€) 
+= (em (5) +0 (2) -0 (7) a < 


<2Vn +2Vn + 2Vn + 
+... 42a < 2Vn + 1Vn +) =OWn ). 


b. The result follows from equation (1), the inequality of 
problem a, 8) and the equation of problem 8, c. 
c. The equation of problem b for sufficiently large m gives 


] In m 4 
eine ts OMe "=, DL =o1 
m<pg£m?_ P m<p&m? P 





If Pas, > pn(l + e€) for all pairs pp, pp, such that 
m< Pr < Phat < m then we would have 


© 4 
SS 
= m(l + ©) 


which is impossible for sufficiently large m. 
d. It is evidently sufficient to consider the case in which 
nis an integer, 





] 
Setting y(r) = oe ee prime and y(r) = 0 for r = 1, and 


for r composite, we have (problem b) 


y(1) + y(2) +... + ylr) = Inr + a(r)s | alr)| < C,, 
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where C, is a constant. Hence, for r > 1 (we consider 


a(1) = 1) 
y(r) = Inr — Inf’ — 1) + afr) - afr - 1), 


] I - | -) 
y Soret 
o<pén P 1<rEn In r 


asig(ps 
r,. 2. a(r) = ) 
1<r€n nn 


We have (8, b) 
1 1 1 
Tai #25 re Se ae 
iSkin 7 Inr 1<Kn 27? In r 3r Inr 


1 
= 6, Ininn « Of ), 
Inn 


where C, is a constant. Moreover we find 


1] 1 
T = o(2) - + 
In 2 In 3 


( 1) 1 1 a(n) 
ti.e ¢ a(n — ee. ine + ; 


Inn 























But, for an integer m > 1, we have 


C 1] l 
*\Inm 7 In(m + 1) : 


1 1 C, 
FE (reese ee en ene ES 
tc + 1) In(m + =] 





Therefore the series 


(2) : : (3) : : 
2 In2  In3 aie In3 %In4 7 


converges; therefore, if C, is its sum, then 


1 
T, = Cy + 0{ 
In n 

















e. We have 
] 1 1 1 
og Be pte): 
p&n p pxn Ps pXn \ 2p 3p 


1 
- 67 Ininn + 0( 
In n 


where C’ is a constant. Setting C’ = In C, in the latter 
equation, we obtain the required equation. 

10, a. This result follows from c, $2. 

b. Since O(1) = (1) = 1, the function (a) satisfies condi- 
tion 1, a, $2. Let a = a,a, be one of the decompositions of 
a into two relatively prime factors. We have 








y 2 Od,d,) = Wa) = Wla,laz) = 
d;\a, d,\a, 
(1) 
= YL od,)ad,). 


dy\a, d3\aq 


If condition 2, a, $2 is satisfied for all products smaller thar 
a, then, for d,d, < a we have Qd,d,) = 6(d,)O(d,), and equaticn 
(1) gives O(a,a,) = O(a,)O(a,), i.e. condition 2, a, $2 is also 
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satisfied for all products a,a, equal to a. But condition 
2, a, $2 is satisfied for the product 1° 1 which is equal to 1. 
Therefore, it is satisfied for all products. 

11, a, Let m > 1; for each given x,, dividing a, the in- 


a 
determinate equation x, ... X%mu%m = @ has ry, | — 

m 
solutions. Therefore 


a 
Tm (a) = ae Tm=1 a 3 


Xm\@ 


but when x,, runs through all the divisors of the number a, the 


a 
numbers d = —— run through all these same divisors in re- 
Xm 


verse order. Therefore 


Tm(a) = DD Tm (a). 


d\a 


Hence (problem 10, a), if the theorem is true for the function 
Tm, (2), then it is also true for the function 7,,(a). But the 
theorem is true for the function 7,(a@) = 1, and hence it is 
always true. 

b. If m > 1 and the theorem is true for the function 7,,_, (a), 


then 
T ma) = Tm (P1) eee Tm (P x) Pa 
= (74-1 (1) + Tm-1(P,) ) eee (Tm—1 (1) + Tm—1(Px) ) beck 
=(l+m—1)k = m*. 
But the theorem is true fer the function 7,(a), and hence it is 
always true. 


c, Let « = me,, & = 27, and let a = py? ... pyk be the 
canonical decomposition of the number a, where p,, ..-, Px 
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are arranged in increasing order. For the function 
r,(a) = r(a) we have 


7 (a) a,¢+¢1l a,+1 Oo, + 1 





Each of the factors of the product on the right is smaller than 


On tl eis 
—; the factors a ae such that r > 2” is smaller than 
A 7 hes 
ae ia 
a < 1. Therefore, setting C = | — , we find 
ro n 


7 (a) (a) C 
ss < C, lim ZS < lim — = 0. 
a” a~o G2 a~O g7 








It is evident that 7,,(a) < (r(a))™ for m > 2. Therefore 








d. We divide the systems of values x,,..., x, Satisfying 
our inequality into [n] sets with subscripts 1, 2,..., [n]. The 
systems such that x, ... x,, = a are put in the set with 
subscript a; the number of these systems is r,,(a). 

12. The series defining ¢ (s) converges absolutely for 
R(s) > 1. Therefore 


COS 2 et a as 


while, for given positive n, the number of systems n,, .. 
such that n, ... 2g, = nis equal to 7,,(n). 
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oy Rp 


1 
13, a. The product P = JJ ee converges absolutely 























Rogie : 
p 
1 1 1 
for R(s) > 1. Since ————— = Be eo heat for 
; 1 P P 
= z 
N > 2, we have 
1 1 , 1 
IT Pe = Gee Fs 2: 8 - s 
PLN 1 o<ngn 7 n 
p° 


where the second sum on the right is extended over those 
numbers n which are not divisible by primes larger than N. 
As N — ©, the left side tends to P, the first sum of the 
right side tends to ¢(s), while the second sum on the right 
tends to zero. 

b. Let N > 2, Assuming that there are no primes other 
than py, «++, Pe» We find that (cf. the solution of problem a) 


k 1 1 

qw— 7? ZH. 

ae ee o<ngn 7 
Pj 


This inequality is impossible for sufficiently large N because 
1 1 


the harmonic series 1 + — + — +... diverges. 


c. Assuming that there are no primes other than p,, ..., Px 
we find (problem a) 


1 —— = (2), 
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This equation is impossible in view of the irrationality of 
2 


62) = =. 


14, The infinite product for ¢(s) of problem 13, a converges 
absolutely for R(s) > 1. Therefore 


1 l 1 
In C(s) = p(s + | 
p 


= 2p?* 3p** ] 








where p runs through all the primes. Differentiating, we find 














C"(s) In p Inp In p 2 o <A(n) 
f(s) x { pr gee gee - a 


15. Let N > 2. Applying theorem b, $3, we have 











s 
o<ngn n n 


Bn)" BP ES 
P&N p 


where the second sum on the right is extended over those 
numbers n larger than N which are not divisible by primes 
exceeding N. Taking the limit as N — ©, we obtain the 
required identity. 

16, a. We apply d, $3 to the case in which 


OS dy Dy way laf ey peat, de 
It is then evident that S* = 1. Moreover Sg is the number of 
values 5 which are multiples of d, i.e. =] ‘ 
b, «) The right side of the equation of problem a is the sum 


of the values of the function p(d), extended over the lattice 
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n 
points (d, u) of the region d > 0, O<uc rk The part of 
this sum corresponding to a given value of u, is equal to 

n 
(2 

u 


B) The required equation is obtained by termwise subtrac- 
tion of the equations 


Mo) + (=) «a(S + u(t) Pe en ee 
2 3 4 
2m (2) r 2 (™) ieee: 
2 4 


c. Let n, = [n]; let 5,, 5,, ..., 5, be defined by the con- 
dition: 5, is the largest integer whose /-th power divides 
s,f, = 1. Then S* = T,,,, Sq is equal to the number of 


multiples of d! not exceeding n, i.e. Sy = [ar . From this 


we obtain the required expression for 7,,,. 


In particular, since 7(2) = , we have 


for the number 7, ,,, of integers not exceeding n and not 
divisible by the square of an integer exceeding 1. 
17, a. We obtain the required equation from d, $3, if we set 
5, = (25 a), fe a f(x,). 
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b. We obtain the required equation from d, $3, if we set 
5, = (x6), ..., xf), fo = fel, ..., xf). 
c. Applying d, $3 to the case 


5 = 6,, by, wey On, 


a a a 
f=F{—), Fi —}),..., F[/—] , 
é, 5, or 
where we have written down all the divisors of a in the first 
row, we have 


a a 
S’ = Fla), Sg= Ga) - “(3) 
D\= 


d. The required equation follows from 


Suid) 2 pd) & ud) 
P’ = paves pays ne pt\bn 


1 2 n 


18, a. We apply the theorem of problem 17, a, letting x run 
through the numbers 1, 2,..., a and taking f(x) = x™. Then 


S’ = Umla), Sy = d™ + 27d™ + 0.0 + (5) d™ = 


b. We have 


a) = d a: = a a). 
ys,(a) Ewa (= +S) (a) 
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We can obtain the same result more simply. We first write 
down the numbers of the sequence 1, ..., a relatively prime 
to a in increasing order, and then in decreasing order. The 
sum of the terms of the two sequences equally distant from the 
initial terms, is equal to a; the number of terms in each se- 
quence is equal to ¢(a). 

c. We have 


(a) Oa a 
eee (S+5+5 : 


a a 
= > ta) cs ae — p,)... (l= p,). 


19, a. We apply the theorem of problem 17, a, letting x run 
through the numbers 1, 2,...,[z] and taking f(x) = 1. Then 
S’ = T,, Sq is equal to the number of multiples of d which 


do not exceed z, i.e. Sy = =| , 
b, We have 


Z z 
T,»= )} ud) — + O(r(a)) = — (a) + O(a‘). 
a 


d\a 


c, This follows from the equation of problem 19, a. 
20. We apply the theorem of problem 17, a, letting x run 
through the numbers 1, 2, ..., VN, where N > a, and taking 


1 
fix) = —~. We then find 
Xx 











1 1 (d) 1 
rset De CMe Divan Barrage Die 
a WN xg aNe  oexg 


Taking the limit as N —> ©, we obtain the required identity. 
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21, a. We apply the theorem of problem 17, b, considering 
the systems of values x,, x,,..., X; considered in the defini- 
tion of the probabilities P, and taking f(x, x,,...,%,) = 1. 


So N]* 
Then ge ape n= a , and we obtain 





N 
P ES 
N N* 2X d*® 


pa FY 
aaa, 1 (@) (F 1 
+ O om ‘ 
Therefore 


Pe = (Ck) + O(A); A = ~ for k > 2, 


In N 


A = for k = 2. 





2 


b. We have €(2) = = 


22, a. Elementary arguments show that the number of lattice 
points (u, v) of the region u* + v* < p?; p > 0, not counting 
the point (0, 0), is equal to 7p? + O(p). We apply the theorem 
of problem 17, b, considering the coordinates x, y of the lat- 
tice points of the region x* + y’ < 7’, different from (0, 0), 
and setting f(x, y) = 1. Then T = S’ + 1, Sq is equal to the 


2 
number of lattice points of the region u* + v* < (5) , not 
considering the point (0, 0). Therefore 

r 3 
Sa = 7a + O (= ’ 
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tr] + 6 
T = y ae + oy 4 = — 7? + O(rinr), 


du} d* dai d 


b. Arguing in analogy to the above, we find 





r {r] 7 4nr 
T = . ua)» + 0 (5 =) = 323) + O(7). 


dal d=1 


23, a. The number of divisors d of the numbers 
= pl... Pak which are not divisible by the square of an 


integer exceeding 1, and having x prime divisors, is equal to 


ta 


k 
( ; moreover p(d) = (~1)”%. Therefore 


m0 


k 
a u(d) = » wie =(1- 1* =0 


b. Let a be of the same form as in problem a. It is sufficient 
to consider the case m < k. For the sum under consideration 
we have two expressions 


pin ()-(t)eover( 


k 
If m is even, then for m < me the first expression <0, and 


for m > — the second expression is 20. If m is odd, then 
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form < on the first expression <0, and for m > cs the 


second expression <0. 

c. The proof is almost the same as in d, $3, except that 
the result of problem b must be taken into account. 

d. The proof is almost the same as in problems 17, a and 
17, b. 

24. Let d run through the divisors of the number a, let 
Q(d) be the number of prime divisors of the number d, and 
let Q(a) = s. Following the process given in the problem, 
we have 


N 
Q(d)Km q 


et 4 Tyee Te gh < 1, 


N p (d) N 
ITl< 2 4m=—y—, |7,) = ari 
“ OaKm | ds d olde q@ 
Moreover 
IT] < a  eaeue < e™ < exp(5r7 In pies = O(A), 
ean Un N qr 
1 
N <en 
a = O(A). 


Finally, letting C,, C,, C, denote constants, we find 


158 


N _s 1 


q nem#ti Q(d)=n 


aN 





< < 
q nami n! 5 
C, + Inr 
N28 4lnr—-1 
<r 8 
q nem l 


N os 3\" N ~41n ~ 
<G— yp |— Ge = O(A). 


q namy 


25. To every divisor d, of the number a such that d, < Va 
there corresponds a divisor d, such that d, > Va , d,d, = a. 
Here p(d,) = p(d,). Therefore 


2¥° wld.) = Do wld.) + D> wld.) = 2) pwd) = 0. 
dy 


d, d, d\a 


26. We consider pairs of numbers d which are not divisible 
by the square of an integer exceeding 1, and satisfying the 
condition (d) = &, such that each pair consists of some odd 
number d, and the even number 2d,. We have p(d,) + (2d,) = 0. 

27. Let p,,..., p, are distinct prime numbers. Setting 
a = py... Px, we have 


g(a) = (p, - 1)... (p, - ‘DD. 


If there were no primes other than p,, ..., px, we would have 
p(a) = 1. 
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28, a. Our numbers are among the numbers s6; s = 1, 2, 
a a 
shige But (s6, a) = & if and only if . $ =]1 


(e, $2, ch. I). Therefore the assertion in the problem is true 
and we have 


d\a d 


a=) “(5 = of. 


b, o) Let @ = py! ... pan be the canonical decomposition 
of the number a, By a, the function ¢(a) is multiplicative, 
while 


Ps? = De o(d), poo = > ¢(d), ps? - peo = p(ps?). 


d\p® d\ps~! 

B) For a positive integer m, we have 
m= >), (d). 
d\m 
Therefore 
a 
gla) =)) pd)—. 

d\a d 


29. We have (p runs through all the primes) 


© on) op) op?) 
a 1 —_—- + — +... = 
mB IT sae r 








nar 2° P 
1 
oh p* C(s - 1) 
el ot Cee 
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30. We have 


p(1) + (2) +... + p(n) = 











p. (d) p (d) p(d) 
= ——. 2): + n >. = 
a d dd d\n 
- Evo (iv2s..+ [F)- 
d=1 d 
. i Hid) + Oln Inn) = 
n? © yu(d) 


3 
= —). —— + Ofn inn) = —n’ + Ofn linn). 
7 


Solutions of the Problems for Chapter III 
1, a. It follows from 


P =a,10""* + a,_,10°? + ... + a,, 


that 


P = a, + ap, + ... + @, (mod 9) 


since 10 = 1 (mod 9). Therefore P is a multiple of 3 if and 
only if the sum of its digits is a multiple of 3; it is a multiple 
of 9 if and only if this sum is a multiple of 9. 

Noting that 10 = —1 (mod 11), we have 


P = (a, + a, +...) — (a, + a, + ...) (mod 11). 
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Therefore P is a multiple of 3 if and only if the sum of its 
digits in the odd places minus the sum of its digits in the 
even places is a multiple of 11. 

b. It follows from 


P = b,100"* + b,_, 10077 +... + 3, 
that 


P = (b, + 6b, +...) — (b, + 5, + ...) (mod 101) 


since 100 = ~1 (mod 101), Therefore P is a multiple of 101 
if and only if (b, + b, + ...) — (b, + b, +...) is a multiple 
of 101. 


c. It follows from 
P = c,1000"" + c,_, 1000" +... + ¢, 


that 


P = cy + Ch +... + c, (mod 37) 


since 1000 = 1 (mod 37). Therefore P is a multiple of 37 if 
and only if c, + cp, + ... + ¢, is a multiple of 37. 
Since 1000 = —1 (mod 7° 11°13), we have 


P = (c, + cy +...) — (c, +c, + «..) (mod 7°11 +13). 


Therefore P is a multiple of one of the numbers 7, 11, 13 if 
and only if (c, + c, + ...) — (c, + c, +...) is a multiple of 
that number. 

2, a. «) When x runs through a complete system of residues 
modulo m, then ax + b also rns through a complete residue 
system; the smallest non-negative residue r of the numbers 
ax + b also runs through the numbers 0, 1,...,m — 1. 
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Therefore 


ax + b ml) rf 1 
me | Ro Smo. 


B) Applying the result of problem 18, b, ch. Il, we find 


2 [= = oie = = tn). 





m 


b. For ¢ = 1, we have [f(N + m)] — [f(N)] = a, 


N+m l 1 l l 
Lo= Yi (fel - SIAN + mil + SU - > + om = 
Nem N+m 1 l 
- } f- 2) U@}->a+ >m-n-=s; 
xaN4+1 xe N41 


and the case in which ¢ > 1 also reduces to this case trivially. 
c. Let N, M, P,, P, be integers, M > 0, P, > 0, P, > 0. 

The trapezoid with vertices (N, 0), (N, P,), (N + M, 0), 

(N + M, P,) is a special case of the one considered in problem 

b. Therefore equation (1) is also valid for it. Equation (1) 

can also be obtained easily for such a trapezoid by consider- 

ing the rectangle with vertices (N, 0), (V, P + P), (N + M, 0), 

(N + M, P + P), which is equal to two such trapezoids. For 

this rectangle, the equation 


ype 8%, 
analogous to equation (1), is evident. Since 2), 5 = 22.8 


this implies S$’ = 2S, so that we obtain equation (1). 
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The analogous formula for the triangle considered in the 
problem follows trivially from this result. But it is of some 
interest to consider the following derivation: our triangle can 
be obtained from a certain parallelogram with integral vertices 
by dividing it into two equal triangles. Let S be the area of 


the parallelogram and let T = )\6 where the sum is extended 
over all the lattice points of the parallelogram and 6 is de- 
fined as in problem b. We will have proven the property of the 
triangle that interests us, if we prove that S = 7. We con- 
sider a square whose side 4 increases to infinity. The whole 
plane can be divided into an infinite number of parallelograms 
of the above type. Let & be the number of parallelograms com- 
pletely within the interior of the square, and let R be the 
number of lattice points in the square. As A — Q, we find 


kS A? 


ene tie ee dae 
A? R 
Multiplying these expressions termwise, we find 
S 
lim— «1, S = 7, 
T 


3, a. Let r be the smallest positive residue of the number 
ax + [c] modulo m. We have 


m-t [fr 4 @(r) 
ES 


where € < O(r) < € + A; € = fet. The theorem is evident for 
m < 2h + 1. We therefore only consider the case m > 2h + 1. 


Setting 
r + ®(r) r 
eet ie ee 
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€ + € 
we have -1 + — < &(r) < 





forr=m—[h+ él, 








m m 
€ h+e 
..,m — 1; in the other cases — < S(r) < 
m m 
Therefore 
m-1 1 
-~h+edtecS- 3 gh+e, S- 5m g<h+— 








b. We have 


m—=l A 
$s Dk {ave} > W(z) = m(AM + B) + —2z. 


z=0 m 


We apply the theorem of problem a, setting h = |A|. Then 
we obtain the required result. 


c. We find 


Ss be {ron im = + aa “| , 


a 
rey m m 2 


O0<z,<m-1. 


We apply the theorem of problem a, settingh = 1+ —. We 


No | 


then obtain the required result. 

4. We develop A in a continued fraction. Let Q, = Q’ 
be the largest of the denominators of the convergents which 
does not exceed m, and note (h, $4, ch. I) 


P’ g’ 
+ 


QQ Qin’ 








A = (P’,Q’%) = 1, |0’| < 1. 
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It follows from m < Qnar < (dna: + LQn < CQO,, where C is 
a constant which is not larger than all the g, + 1, that, for 
the largest integer H’ such that H’Q’ < m, we have H’ < C. 
Applying the theorem of problem 3, b, we find 


M+H‘Q=1 ve 
>, tax + BY - <H e’| < — 
xaM 2° 








Let m, = m — H’Q’. If m, > 0, then, choosing Q” and H!”’ 
depending on m as we chose Q” and H” depending on m, we 


find 


My+H’/0%-1 








l 
{Ax + B} 5 te” 


xeM, 
Let m, = m, — H’Q’’. If m, > 0, then, as above, we find 


M3+H?70/" 4 


1 
{Ax + BE - she 





3 
eee 


x=M2 





etc., until we find some m, = 0. We then have (H’Q’ + 
+ HO" + 06.4 HOOQH = m) 


Mt+tmeo1 


1 
2: (Ax + B}- > m 


x=M 


3 
< —Ck. 
2 








The numbers Q’, Q”, ..,, Q“? satisfy the conditions 
m>Q’>m>Q” > m2 0. > mer 2 OM 21. 


Therefore (problem 3, ch. I) & = O(In m), and hence the re- 
quired formula is true. 


166 


1 
5, a, Let the sum on the left be denoted by S. Let r = A*. 
The theorem is evident for r < 40. We therefore assume that 
r> 40. Taking M, = [Q + 1], we can find numbers a,, m,, 0 
such that 


a 0 
fl.) = —— + ——3 0< mer, (a, m,) = 1, |6,| <1. 
1 1 


Taking M, = M, + m,, we find the numbers a,, m,, 0, 
analogously; taking M, = M, + m,, we find the numbers 

a,, m,, 0,; etc., until we come to M,,, = M, + m, such that 
0 < [R] — M,4, < [7]. Applying the theorem of problem 3, c, 
we find 


1 
s - = im + my + oe + my + LR] ~ Moy) | < 

















k+3 1 
<s + > Hal r Moa) 
1 k+3 r+] 
S-—R- < + : 
Bee le 2 
a 1 
The length of the interval for which — —- — < f’(x) < 
m mr 
a ] 
< — + —— does not exceed ——. Therefore there are 
m mr mr 


2A 


<—— + 1 numbers m,, m, ...,m, associated with the 
mr 


a 
fraction —. Let a, and a, be the smallest and largest values 
m 


of a associated with a given m. 
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We have 


Big Oe bi Oa aye, to 


Therefore, there are 


2A ~ O)m 
eee 
m'r A 
KR - m 
= MnO ( 2 + — ): CS + 7 1.05 
r m 7 mr 














numbers m,, m,,..., m, associated with a given m. Summing 
the latter expression over all m = 1, 2,..., [7], we find 
K(R - 2 10A 
eget 2) eee + —— 1.05 < 
r Zr? 37 
K(R - 7 A 
(ee Ga 
r 2: or 
1 B(R - Q) A 
s- —(R-Q)|< yada eee In A + 8k—. 
Zz r T 
b. We have 


2» {fe) + 1-0} - —R-O 


Q<xER 


<A, 








<A, 








~~  tf)} - = AR ~ Q) 


QO<xg 
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from which, setting 5(x) = if(x) +1l- of = {fix)%, we find 


>. &(x) 


Q<xSR 


< 2A. 





But, for { f(x) § < o we have &(x) = 1 ~ o, while for 
if(z)’ > o we have S(x) = — o, and hence | (1 ~ olla) ~ 
~ oR — Q ~ w(o))| < 2A, from which we obtain the required 


formula. 
6, a. We apply the formula of problem 1, c, ch. II. Setting 
f(x) = Vr? — x? , we have 


—p? 


fe) = -—=—, f") = %? 
r? — x? (r? — x?) a 


xe. 


r 


1 
— < |f’@)| < 


a 


r 





in the interval 0 ¢ x < . Therefore (problem 8, a, ch. II, 





V2 
problem 5, a) 
V2 
r r 
r= arf Vr? — x? dx + 8p | ——] —— — 8p(0)r ~ 
: (z] v2 


$e ee {eh OF? Inv) 
~ 4— ~—- 4— + 8— {-—? + VU Iinr) = 
V2 2 v2 (V2 
2 
= amr? + O(r? In 7). 


b. We have (problems 11, d and 1, d, ch. II) 


r(1) + r(2) +... + r(n) = 2 DL B ~ [vn]. 


o<xgvn | x 
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It is sufficient to consider the case n > 64. We divide the 
interval X < x < Vn , where X = 2n°, into O(In n) intervals 
of the form M < x < M’, where M’ < 2M. Setting f(x) = 


n 
= —, we have 
x 


n 2n n 8n 


Ne ae searr i, eS a aa < f(x) < WC 








in the interval M < x <M’, Therefore (problem 5, a) 


1 a 
Lu {*} = 5M’ - M) + On" In n), 


M<xgQm’ (* 


n l a 
Sesfe | = raid + O(n® (In n)?). 


Moreover (problem 8, b, ch. II) 


n 1 
oD — = En+—niInn+ o(Vn Vn + O(1). 
o<xs/n * 2 


Therefore 


r(1) + 7(2) +... + 7(n) = 


= 2En+nInn + 2p(Vn )Vn _ Vn -n¢ 


+ 2Vn {vn }4 O(n? (In n)?) = 


= n(In n + 2E -— 1) + Oln® (In n}*). 
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7. Let the system be improper and let s be the largest 
integer such that 2° enters into an odd number of numbers of 
the system. We replace one of the latter numbers by the 
smallest number containing only those powers 2° which enter 
into an odd number of integers of the rest of the system. 

Let the system be proper. A number smaller than one of 
the numbers T of this system, differs from T in at least one 
digit in its representation to the base 2. 

8, a. Adding the number H = 3" + 3° +... +34 1to 
each of the numbers of the system represented in the afore- 
mentioned manner, we obtain numbers which we can obtain by 
letting %,) Xpoy, +++, %4, Xp in the same form, run through the 
values 0, 1, 2, i.e. we obtain all the values 0,1, ..., 2H. 

b. In this way we obtain mym,...m, numbers which are 
incongruent to one-another modulo m,m, ... m,, since 


Xp t My%q + MyMygXy to vee F MyM, oe. My Xy = 
, - ? , 
= My + MX, + MMR, t+ oe. F MyM, wee My Xp 
(mod mm, ... mx) 
implies in sequence: 
o - - i. 
x, = x/ (modm,), x, = x{3 m,x, = m,xz (mod m,m,), x, = x7; 


- > 
mym,x, = mym,x; (mod mym,m,), X; = X35 


etc. 

9, a. In this way we obtain mm, ... m, numbers which are 
incongruent modulo m,m, ... m,, since 
Mix, + Max, +... + Max, = Myxl t+ Mazzy +... + Myx 


(mod mm, ... my) 
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would imply (every M,, different from M,, is a multiple of m,) 


M,x, = M,xg (mod m), x, = xz (mod m,), x, = xg. 

b, In this way we obtain ¢(m,)p(m,) ... 9(m;) = 
= (mm, ...m,) numbers which are incongruent modulo 
m,m,...m, by the theorem of problem a, and are relatively 
prime to mym,...m, since (Mx, + M,x, +... + 
+ M,x,, m,) = (Mx, m,) = 1. 

c. By the theorem of problem a, the number M,x, + M,x, + 
+... + M,x, runs through a complete residue system modulo 
mm, ...m, when x,, Xj, +++, X, run through complete residue 
systems modulo m,, m,,..., my. This number is relatively 
prime to mm, ...m, if and only if (x,, m,) = (x,, m,) = 
=... = (x,, m,) = 1. Therefore p(m,m,...m,) = 
= o(m,)p(m,) ... plm,). 

d. To obtain the numbers of the sequence 1, 2,...,p~ 
relatively prime to p® we delete the numbers of this sequence 
which are multiples of p, i.e. the numbers p, 2p,..., p” P+ 
Therefore ~(p*) = p* — p**. The expression for ¢(a) 
follows from the latter and theorem c, $4, ch. Il. 

10, a. The first assertion follows from 


%; Xe Myx, +... + Myx, 
a Ee Oa he a ns 
m, My m 


the second assertion follows from 


{ Gs a {a toieee + wa} 
— tie tt hp = YY .. 


b. The fractions 


[i Keg Oy) + + fi(Xxs eres wx) 
. a . eee ee. 
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coincide with the fractions 


{Atte vee t Mgdey cee, My, t+ oc. + Mywy) : 


my, 


fx(M yx, +... + Mace, ..., Mw, +... + Myw,) } 
SS ’ 


My 


i.e, with the fractions 


[ae veey w) fay veey “| 
————————— + ... + —————-}. 
m, My 


The first assertion follows trivially from this. The second 
assertion is proved analogously. 
11, a. If ais a multiple of m, we have 


x 


>, exp 2 dil=m. 
m x 


If a is not a multiple of m, we have 


b. For non-integral «, the left side is equal to 


1] 1 
~ gin wa) Ala) — 
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exp(2ria(M + P)) - exp(27iaM) 
exp(27ia) — 1 








c. By the theorem of problem b, the left side does not ex- 
ceed T,,, where 











1 
T. = 
=D 
m 
For odd m, 
T< I 2a + 1 , 
tn io Dae Lar oe =minm, 
e<ac> 
and for even m, 
m 2a + 1 m 2a +1 
Tn <= n are In <minm. 
2 2a - 1 2 m 2a 
<alG 0<ag > 
1 1 
Rot mip Oy eince re a Se ene baud’ Ani canbe 


decreased to 





The latter expression is > = for m > 12 and > m for 


m > 60. 


12, a. Let m = p;? ... px be the canonical decomposition 
of the number m. Setting p;? = m,,..., px* = my, and using 
the notation of problem 10, a, we have 


2; exp (ni wate >: exp f=) = Dd. exp (25-£ . 
Ey Mm, Ex mM, m 


€ 
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For a, = 1, we find 








X exp (2 A ~ Yiexp (= S| eee 


m7 
Xe S 


For a, > 1, setting m, = p,m,, we find 


pe exp (2 Se = 
fe Me 


m,~1 
~ E90 (2 =, - Di exp (on : = 0. 


Xa Me uso 











m=1 x 
b. Let mbe an integer, m > 1. Wehave )' exp 2ri— = 
m 


xo0 
= 0. By the theorem of problem a, the sum of the terms on the 
left side of this equation such that (x, m) = d, is equal to 


c. We find 
§ 
25 exp 2nt— | = >, ud)Sa , 
€ i d\m 
where, setting m = m,d, we have 
ee oni — 
ata 


The latter is equal to 0 for d < m and equal to 1 ford = m. 
From this we obtain the theorem of problem a. 
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d. This equation follows from problem 10, b. 
e. We have 


A(m,) ... A(m,) = m* b sah Pg cise 


c- BY ay 


ay Mk, 


where a,,..., @, run through reduced residue systems modulo 
m,,..., m,. Hence (problem d) the first equation of the prob- 
lem follows immediately. 


We also prove the second result analogously. 
13, a. We have 


Dd. exp [27i— 


x=0 P 


pei as p, if n is a multiple of p, 
| 0, otherwise. 


b, Expanding the product corresponding to a given n, we 
find 


(d) ds 
=: 2 exp are . 


Hence, summing over all the n = 0,1, ..., @ — 1, we obtain 
the expression for (ca). 

14, The part of the expression on the right corresponding 
to x dividing a, is equal to 


i r dx 

= pee 2 | te + 0(1) = 2, 
1 

K 


k 
Setting ®(K) = }° exp (on: , the part corresponding to 
x 


ke 


o 1 
le Li Rite 
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x, not divisible by a, can be represented in the form 


lim 2¢ 


eE--0 





(se @(2)- 00) (3) ~ (2) 
niger? © eager 


gite gite 


1 1 1 
= lim 2¢ ®(1) {1 - pire + &(2) gite ~ gite pus 


The factor to the right of 2e, is < x in absolute value since 


| D(K)| < x; here lim 2ex = 0. Therefore the right side of 
€-~-0 





the equation considered in the problem is equal to twice the 


number of divisors of the number a which are smaller than Va, 
multiplied by 5, i.e. equal to 7 (a). 
15, a. We have 


(h, + Ay)? = 


= hP + ({) ae de GA ae iS : h,hP* + hP 


= hP + hP (mod p); 


(h, + A, + Ay)? = (A, + Aa)? + AP = hP + AP + AP (mod p), 


etc, 


b. Setting h, = h, = ... = h, = 1, the theorem of problem 
a gives Fermat’s theorem. 


c. Let (a, p) = 1. For certain integers N,, N,,...,N, we 
have 


aPt 2] + Nyp, ap) = Q + N,p)? = 1+ Nap’, 


aP@-) 4 Nsp yess 


pint Oa Ng, 
a? ®) = 1 (mod p2). 
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Let m = p,?... pe be the canonical decomposition of the 
number m. We have 


a 
a?(ei?) = 1 (mod po), fies Per) =] (mod Pe), 


aPm) = 1 (mod pe), ..., aP™ = 1 (mod px), 


a?(™) = 1] (mod m). 


Solutions of the Problems for Chapter IV 


1, a. The theorem follows immediately from the theorem of 
problem 11, a, ch, IN, 

b. Let d be a divisor of the number m, m = mgd, and let Hg 
denote the sum of the terms such that (a, m) = d in the expres- 
sion for Tm in problem a, We find 


mt mat ghey vary 10) 
Ha = mm XL eee 2, exp se? ’ 


where a, runs through a reduced residue system modulo my. 
From this we deduce 


mgm Mont Aof(Xo, ooey Wo) 

H,=d' na exp | 229i ————— | _ = m‘A(m,). 
: 2 d, 2, | Mo ° 
c. Let m > 0, (a, m) = d, a = agd, m = md, and let T be 


the number of solutions of the congruence ax = b (mod m). 
We have 


m-1 m1 


Tm = a 2; exp [ai =" 


@a=0 x=0 





m-1 m-1 Ad, ba 
= >. J. exp (2x x ani | 


G=0 x=0 Mo m 





d-1 bo, md, if b is a multiple of d, 
=m)* exp {~2zi = 
a ad d 0, otherwise 
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d. Setting (a, m) = d,, (b, d,) = d,, ..., (f, d,4) = d,, 


m= dym,,d, = d,m,,...,d,, = d,m,, we findd = d,, 


Pe Sab ‘5 Eo [a eet 


a=0 xm0 ya w=0 m 


dy-1 m-—1 m=1 a (by +... + fw + g) 
=m )° om aye >: exp gi bys + fe +8) 
Q,=0 y=0 w=0 d, 


Coe ee eee eee eee eee eee eeoe eee eee eeereneeeseeeeoeeeeeeeeeeeeoe 





e. We apply the method of induction. Using the notation of 
problem d, assume that the theorem is true for r variables. We 
consider the congruence 


(2) lv + ax +... + fw + g = 0 (mod»m). 


Let (1, m) = dy. Congruence (2) holds if and only if ax + 

+... + fw + g = 0 (mod d,). The latter congruence holds 

if and only if g is a multiple of d’, where d’ = (a,..., f, do) = 

= (1,a,..., f, m), and it has df-'d’ solutions. Therefore the 

congruence (2) holds only if g is a multiple of d’, and it then 

has dod’ e 
d 


t‘) 


r 
d, = m‘d’ solutions. Therefore the theorem 


is also true forr + 1] variables. But the theorem is true for 
one variable, and hence is always true. 


2, a. We have a?(™ = 1 (mod m), a+ ba?(™? = b (mod m)- 
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b. We have 


(p-1)... (Pp-a+)) 
Le De ng = St [gg ee oa eee 
Beeches A eet) POucie= D 


= 6°1:2...(a-1) (mod p), 


and dividing by 1-2... (a — 1), we obtain the required 
theorem. 

c. It is evidently sufficient to consider the case (2, b) = I. 
For an appropriate choice of sign, b + m = 0 (mod 4). Let 
2° be the largest power of 2 dividing b + m. For 5 > k, we 
have 


btm 


x= 3k (mod m), 





If 5 < k, then 


bim 
n= ae (mod m). 


We repeat the analogous operation with this congruence, etc. 

B) We consider (3, 5) = 1. For an appropriate choice of 
sign, we have 6 + m = 0 (mod 3), Let 3° be the largest 
power of 3 dividing 6 t m. For 6 > k, we have 


bim 


of (mod m). 





x= 


If 5 < k, then 


Bk- by 


+m 
ar ee (mod m). 


We repeat the analogous operation with this congruence, etc. 
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y) Let p be a prime divisor of the number a. Determine ¢ by 
the condition 6b + mt = 0 (mod p). Let p> be the largest power 
of p dividing (a, 6 + mt), and leta = a,p>. We have 


b + mt 
a,x = se ad (mod m). 


If |a,| > 1, then we repeat this operation with the new con- 
gruence, etc. 

This method is convenient for the case in which a has smal] 
prime factors. 

3. Setting ¢ = [7], we write the congruences 


a‘0Q=0 (mod~m), 


a+l =y, (mod m), 


Arranging these congruences so that their right sides are in 
order of increase (cf. problem 4, a, ch. II) and multiplying 
termwise each congruence (except the last one) by its suc- 
cessor, we obtain ¢ + 1 congruences of the form az = u 


m 
(mod m); 0 < | z| <7. Here 0 < u < — inat Jeast one con- 
7 


gruence. Indeed, u has ¢ + 1] > 7 values, these values are 
positive, and their sum is equal to m. 

4, a, a) This follows from the definition of symbolic 
fractions. 

B) Here we can set b, = 5 + mt, where ¢ is defined by the 
condition 6 + mt = O (mod a); then the congruence ax = b 
has as solution an integer which represents the ordinary 


‘. is) 
fraction —. 
a 
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y) We have (4, is a multiple of a, d, is a multiple of c) 





— pe 2 Se ee es ee 
a c a c ac ac 
5) We have 
b d b, " bod, bd 
a ee ae 7 Ge 8 ae 


b, a) We have (the congruences are taken modulo p) 


io (p - 1p - 2)... (p— a) | 
a 1°22 w+ a 7 
—1)?1°2... 
= (els? va (—1)°. 
1:2...a 


Now problem 2, b is solved more simply as follows: 


b. BVM Wien pete = 
bm 1)*""(p — 1) (p — (a - 1)) iain: 





a 1:2... @- 1)? 
B) We have 
ao p-1 (p — 1) (p — 2) 
ely} 
p 1:2 1:2°3 
GAGE a ice oso) 
+ (mod p). 
1:2... (p-1) 
5, a, The numbers s, s + 1,..., s +n — 1 have no di- 
visors in common with d. The products s(s + 1) ... (s + 


+n — 1) can be put in n™ sets in a number of ways equal to 
the number of ways that d can be decomposed into n relatively 
prime factors, where order of the factors is taken into account 
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(problem 11, b, ch. I), Letd = uu, ... u, be one of these 
decompositions. The number of products such that s = 


= 0 (mod u,), s + 1 = 0 (mod u,),...,5 +n — 1 = O (mod 
a 
u,) is equal to a Therefore the required number is equal to 
a 
n a e 
b. This number is equal to 


n*a 





2, WAS eg; Sg = 
d\a d 


where & is the number of different prime divisors of the number 
d. But we have 


zoet-o(-2) (2) (3) 


6, a. All the values of x satisfying the first congruence are 
given by the equation x = 6, + m,t, where ¢ is an integer. In 
order to choose from them those values which also satisfy the 
second congruence, it is only necessary to choose those 
values of ¢ which satisfy the congruence 





mt = b, ~ b, (mod m,). 


But this congruence is solvable if and only if 6, — 6, is a 
multiple of d. Moreover, when the congruence is solvable, 
the set of values of ¢ satisfying it is defined by an equation 


mM nae : 
of the form t = ft) + re where ¢” is an integer; and hence 


the set of values of x satisfying the system considered in the 
problem is defined by the equation 


mM, 
x= b, +m, (. + 7.) = Xia t Mal s X12 = b, + Mylo. 
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b. If the system 
x = b, (mod m,), x = b, (mod m,) 


is solvable, the set of values of x satisfying it is represent- 
able in the form x = x,,, (mod m,,,). If the system 


x = x,, (mod m,,,), x = b, (mod m,) 


is solvable, the set of values of x satisfying it is represent- 
able in the form x = x,,,,, (mod m,,,,). If the system 


x = %.,, (mod m,,,,,), x = b, (mod m,) 


is solvable, the set of values of x satisfying it is represent- 
able in the form x = x, 13,4 (mod m,,.,,), etc. 


7, «) If x is replaced by —x (and hence x” is replaced by 





a, b 
—x*) the sum ( is not changed. 


m 


B) When x runs through a reduced residue system modulo m, 
x” also runs through a reduced residue system modulo m. 
y) Setting x = hz (mod m), we find 


a, bh ahz + bz’ ah, b 
= Yi exp (27i ——— | = ( ae 
m = m m 


5) We have 








? ? 
_aym,x% + amy + mx + my 


~ a mB exp ( 


™M,My 
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Setting mx” + my’ = z°, we have 


(aym,x + a,my)(m,x’ + my’) = ayn? + a,m? (mod m,m,), 


a,, 1 a,, 1 ma, + mia,, 1 
m, my mM,My, 


which proves our property for the case of two factors. The 








generalization to the case of more than two factors is trivial. 


8. The congruence 


1 


agx" + a,x" + 16. + a, — ag(x — x,)\(x — x.) ... (x — x,) = 


= 0 (mod p) 


has n solutions, Its degree is less than n. Therefore all its 
coefficients are multiples of p, and this is also expressed in 
the congruences considered in the problem. 

9, a. Corresponding to x in the sequence 2, 3,..., p — 2 
we find a number x”, different from it, in the same sequence 
such that xx’ = 1 (mod p); indeed, it would follow from 
x = x’ that (x — 1)(x + 1) = 0 (mod p), and hence x = 1 or 
x =p- 1. Therefore 


2:3... (p — 2) = 1 (modp);1°2... (p — 1) = ~1 (mod p). 


b. Let P > 2, Assuming that P has a divisor u such that 
1 <u < P, we would have 1°2... (P ~ 1) + 1 = 1 (mod uy). 
10, a. We find A such that a,h = 1 (mod m). The given 
congruence is equivalent to the following one: 


x" + ashe" +... + a,h = 0 (mod m). 


b. Let Q(x) be the quotient and let R(x) be the remainder 
resulting from the division of x? — x by f(x). All the coef- 
ficients of Q(x) and R(x) are integers, the degree of Q(x) is 
p ~ n, the degree of R(x) is less than n, 


xP — x = f(x)Q(x) + R(x). 
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Let the congruence f(x) = 0 (mod p) have n solutions. These 
solutions will also be solutions of the congruence R(x) = 

= 0 (mod p); therefore all the coefficients of R(x) are multi- 
ples of p. 

Conversely, let all the coefficients of R(x) be multiples of 
p. Then f(x)Q(x) is a multiple of p for those values of x for 
which x? — x is also a multiple of p; therefore the sum of the 
numbers of solutions of the congruences 


f(x) = 0 (mod p), Q(x) = 0 (mod p) 


is no smaller than p. Let the first have a, and let the second 
have 6 solutions. From 


agn BKp-np-npKca+BP 


we deduce a =n, B=p—n, 
p-l 


n 





c. Raising the given congruence to the power term- 

wise, we find that the given condition is necessary. Let this 

condition be satisfied; it follows from x? ~ x = 

pot p-1 

= x(xPm* — A" 4A" & 1) that the remainder resulting 
p-l 

from the division of x? ~ x by x" — A is Aer xz 1)x, where 

p-1 

A” — 1 is amultiple of p. 

11. It follows from xf = A (mod m), y” = 1 (mod m) that 
(x sy)" = A (mod m); here the products x,y, corresponding to 
incongruent (modulo m)y, are incongruent. It follows from 
xo = A (mod m), x" = A (mod m) that x” = x? (mod m), while, 
defining y by the condition x = yx, (mod m), we have 


y” = 1 (mod m). 
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Solutions of the Problems for Chapter V 


1. This congruence is equivalent to the following one: 
(2ax + 6)? = b? — 4ac (mod m), Corresponding to each solu- 
tion z = z, (mod m) of the congruence z? = b? — 4ac (mod m), 
from 2ax + b = z, (mod m) we find a solution of the con- 
gruence under consideration. 


a 
2, a. For (=) = 1 we have a*™*' = 1 (mod p), 
p 


(a™*')? = a(mod P), x= tqmt (mod p). 


b. For (= = 1 we have a*™** = 1 (mod p), a?™*4 = +1 
p 


p 


have 2+? = —] (mod p). Therefore, for a certain s, having 
one of the values 0, 1, we find 


2 
(mod p), a?™*? = +a (mod p). Since (2) = —] we also 


gimtig(4mt2) =a (mod p), x +q7+29(am+t)s (mod p). 


c. Let p = 2*h + 1, where & > 3 and h is odd, (= = 1, 
Pp 
We have 


k~ k= ko 
a ‘h = 1(mod p), a’ *h = +1(mod p), NV’ *h = ~1(mod p). 
Therefore, for some non-negative integer s, we find 


a? yen = 1 (mod p), a? ANea = +1 (mod p); 


and hence for some non-negative integer s, we find 
k 


a pyyesa = 1 (mod p), ge ayes = t+] (mod p), 
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etc.; finally we find 


hei 


a™N7*k = 1 (mod p), x = ta? N° (mod p). 
d. We have 


1-2... 2m(p — 2m) ... (p — 2)(p — 1) + 1 = O (mod p), 
(1:2... 2m)? + 1 = 0 (mod p). 


3, a. The conditions for the solvability of congruence (1) 
and (2) are deduced trivially (f, $2 and k, $2). The con- 


3 
gruence (3) is solvable if and only if (= = 1, But 


P 
—3 
| tase. , while 
(2) 1, if p is of the form 6m + 1, 


~1, if p is of the form 6m + 5. 


b. For any distinct primes p,, p,,..-, p, of the form 
4m + 1, the smallest prime divisor p of the number 
(2p,p...-p,)? + Lis different from p,, pz, ..+, P,» and since 
(2p,p,---p,) + 1 = 0 (mod p), it is of the form 4m + 1. 

ce. For any distinct primes p,, p;, ..-, p, of the form 
6m + 1, the smallest prime divisor p of the number 
(2p,p,...p,)* + 3 is different from p,, pa, «++» Pys and since 
(2p,p2---p,) + 3 = 0 (mod p), it is of the form 6m + 1. 

4. There are numbers in the first set which are congruent 
p-1l p-1l 

2 


residues of a complete system; a number in the second set is 
a quadratic non-residue, by definition. But the second set 
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to Ly 2 yaw , i.e. all the quadratic 


contains with this non-residue, all the products of the non- 
residue with residues, i.e. it contains all the quadratic 
non-residues. 

5, a. In the number system to the base p, let 


@ = dg4p™"' + ... + ap + ay 


and let the required solution (the smallest non-negative resi- 


due) be 
X= Kang Pp + coe + XP + Xp. 


We form the table: 





where the column under a, consists of numbers whose sum is 
the coefficient of p* in the decomposition of the square of the 
right side of (1) in powers of p. We determine x, by the 
condition 


x, = a (mod p). 


X§ — Ay 


Setting ———. . Py, we determine x, by the condition 
P 


P, + 2x9x, = a, (mod p). 


+ 2 —a 
Setting ie Seale ee P,, we determine x, by the 


p 
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condition 

Dp, + 2xox, + 44 = @, (mod p), 
etc. For given xo, the numbers x,, x,,..., %g-1 are uniquely 
determined since (xg, p) = 1. 


b. Here 


@ = Gg.,2%' +... + a,2) + a2? + a2 + ay, 


X= Hq, 20 + 06. + 142? + 4,2? + 4,2 + Xp, 


and we have the following table: 





We only consider the case a > 3. Since (a, 2) = 1, it follows 
that a, = 1. Therefore x, = 1, Moreover a, = 0, and since 
Nox, + xy = X, + x2 = O (mod 2), we must have a, = 0. For 
x, there are two possible values: 0 and 1. The numbers 

gy Xyy «++, Xq-_ are uniquely determined, while for xg_,, there 
are two possible values: 0 and 1. Therefore, for a 2 3, we 
must have a = 1 (mod 8), and then the congruence under con- 
sideration has 4 solutions. 

6. It is evident that P and Q are integers, where Q is con- 
gruent modulo p to a number which we obtain by replacing a 
by z?, for which it is sufficient to replace Va by z. There- 
fore Q = 2%*z%" (mod p); therefore (Q, p) = 1 and Q” is 
determined by the congruence QQ’ = 1 (mod p). We have 


P? — a@ = (z + Va )%(z - Va )* = (2? — a)* = 0 (mod p%, 
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from which it follows that 


(PQ’) = a(QQ’)? = a (mod p”). 
7. Let m= 2%p%, 


p,* be the canonical decomposition 
of the number m, Then m can be represented in the form 
m = 2°ab, where (a, b) = 1, in 2* ways. 


Let a = 0. It follows from (x — 1)(x + 1) = 0 (mod m), 


that for certain a and § 


x = 1 (moda); x = —1 (mod 5), 


Solving this system, we obtain x = 


= x, (modm). Therefore 
the congruence under consideration 


has 2* solutions. 
Let o = 1. For certain a and b 


x = 1 (mod 2a); x = —1 (mod 28), 


Solving this system, we obtain x 
congruence has 2* solutions. 


xq (mod m). Hence this 


Let ao = 2, For certain a and 6 


x= 


1 (mod 2a); x = —1 (mod 26). 


m 
Solving this system, we obtain x = x, fo “| . Therefore 


our congrunece has 2*** solutions. 


Let « > 3. For certain a and 6, one of the systems 


x 


1 (mod 2a); x = 


= —l1 (mod 2%7'8) 
x = 1 (mod 2% a); x 


= —] (mod 26) 


is satisfied. Solving one of these systems, we obtain 
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X = Xp {mod 5) . Therefore our congruence has 2**? 


solutions, 
8, a. Defining x” by the congruence xx” = 1 (mod p), we 
have 


pot [x(x + hk) pot fx’ (xx? + kx’) 
ara el eae 


It is evident that 1 + kx’ runs through all the residues of a 
complete system, except 1, The required theorem follows 
from this, 

b, The required equation follows from 








pot (xy, + 5)(xy + 5) 
292 gen 


xeO0 yy Y 
The part of the expression of the right corresponding to the 
case y, = y, does not exceed XpY. We consider the part cor- 
responding to a pair of unequal values y, and y, where we as- 
sume that y > 0 for the sake of definiteness, Setting 
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xy + k = z (mod p), we reduce this part to the form 


[ Sethe 
= y y 
p 
from which (problem a) we find that it is <X in absolute 


value. Therefore S? < XpY + XY? < 2pXY. 
d, «) We have 


pot Q=1 Q-1 [f(x + z,)(x + z) 
a ep nates 2 


x=uO zy=0 z™0 


For z, = z, summation with respect to x gives p — 1. For 
z, # Z, Summation with respect to x (problem a) gives —1. 
Therefore 


S=(p- DQ - QQ - 1) = (p - QQ. 
B) By the theorem of problem o) we have 
T(Q™stes >) < pQ; T< pQ-*. 


y) Setting {Vp ] = Q, we apply the theorem of problem a). 


Assuming there are no quadratic non-rcsidues in the sequence 


under consideration, we find that |S,| > Q@ — 1 for 


x= M,M+1,..., M+ 2Q — 1 and hence 
2012 — 1)? < (p - Q)Q, 202 -— 17 < (0+ 1% - Q, 
Q7 —- 50 < 0, 
which is impossible for 0 > 5. 
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9, a. If m is representable in the form (1), then the solution 
(5) z = 2, (mod m) 


of the congruence x = zy (mod m) is also a solution of the 
congruence (2), We will say that our representation is as- 
sociated with the solution (5) of the congruence (2). 

With each solution (5) of the congruence (2) is associated 
not less than one representation (1). Indeed, taking 7 = Vm , 
we have 


Zz P 6 
= — + —=; (, =1,0<0<¢ vm, lol <1. 
m Q OVm 


Therefore z5Q = mP + r, where |r| < Vm . Moreover, it 
follows from (2) that |, |’ + Q? = 0 (mod m). From this and 
from 0 < | r |’ + Q? < 2m, we find 


(6) m= |r|? + Q?. 

Here (|r|, Q) = 1, since 

ie ee es (oQ — mP)2Q — rmP + QT = rP (mod Q). 
m m 

If | r| = r, then the representation (6) is associated with the 


solution (5) because r = z,() (mod m). If |r| = —r, then the 
representation m = Q? 4+ |r|? is associated with the solution 
(5) because z2Q = zor (mod m), Q = z>|r| (mod m). 

No more than one representation (1) is associated with each 
solution (5). Indeed, if there were two representations 
m=x? 4+ y7andm = x2 + yj of the number m in the form (1) 
associated with a single solution (5), then x = zy (mod m), 
%, = Zgy, (mod m) would imply that xy, = x,y (mod m). There- 


194 


fore xy, = x,y, from which it follows that x = x,,y —- y, 
because (x, y) = (x,, y,) = 1. 
b. If mis representable in the form (3), then the solution 


(7) z = Z, (mod p) 


of the congruence x = zy (mod p) is also a solution of the 
congruence (4), We will say that this representation is as- 
sociated with the solution (7) of the congruence (4), 

Knowing a solution (7) of the congruence (4), there is no 
more than one representation (3). Indeed, taking r = Vp , 
we have 


a P 





+ > (P, Q)=1,0<Q0< Vp, |6| <1. 
p = QQ  QVp 
Therefore z,Q = r (mod p), where |r| < p. Moreover, it fol- 
lows from (4) that ||? + aQ? = 0 (mod p). From this and 
from 0 < |r|* + aQ? < (1 + a)p it follows that we must have 
|r|? + 20? = p or |r|? + 207 = 2p for a = 2, In the latter 
case, |r| is even, |r| = 2r,,p = Q? + 2r?. For a = 3 we 
must have |r|? + 30? = p, or |r|’ + 30? = 2p, or 
|r|? + 30? = 3p. The second case is impossible: modulo 4 
the left side is congruent to 0 while the right side is congruent 
to 2. In the third case, |r| is a multiple of 3, |r| = 3r,, 
p = Q? + 3r,?. 

Assuming that two representations p = x”? + ay” and 
p = x? + ay{ of the number p in the form (3) are associated 
with a single solution of the congruence (4), we find x = x,, 
y = y,- Assuming that these representations are associated 
with different solutions of the congruence (4), we find x = zy 
(mod p), x, = —zy (mod p) and hence xy, + x,y = 0 (mod p), 


which is impossible because 


0 < (xy, + xy)? < (x? + y)(xd + yf) < p. 
195 


c, a) The terms of the sum S(k) with x = x, and x = —x, 
are equal. 


B) We have 
S(kt?) = om eed = a S(k). 
x=0 P 


y) Setting p — 1 = 2p,, we have 


pS)? + py(Stn))2 = F* (Sr?) ¥ + 5 (Sine)? = 


te1 tel 


=r Cie yy 


k=1 xel yal kel 


For y different from x and p —:x, the result of summation with 


x 
respect to k is -2 a ;fory = x andy = p — x itis 
Pp 


my. 
(p - 2){——~| . Therefore 
P 


1 2 1 2 
p,(S(r) )? + p,(S(n) )? = 4pp,, p = ($s) + (Fs) 


10, a. We have 
X? — DY? = 


~ (x, + y,VD ) (x, + y,VD ) (x, - y,VD ) (x, + y,VD ) = k?, 
b. Taking any 7, such that 7, > 1, we find integers x,, y, 


1 

such that ly,VD- ~x,|<—,0< y < 1,, and multiplying 
™ 

this termwise by y,VD + x, < 2y,VD + 1, we find 

| 2 - Dy?| <2VD +1. Takings, > 7, so that 
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1 
ly,VD — x,| > —, we find new integers x,, y, such that 
"2 


|x? — Dy?| < 2VD + 1, ete. 

It is evident that there exists an integer £, not equal to 
zero, in the interval -2VD —~1<k<2VD + 1 such that 
there is an infinite set of pairs x, y with x? — Dy? = k among 
the pairs x,, y,3 X2, ¥2} -..; among these pairs there are two 
pairs &,, 7, and &,, n, such that & = &, (mod lk), 

1, = 2 (mod lk] ). Defining the integers &, n) by means of 
the equation & + noVD = (€ + 7:VD ) (€, + nVD ), we 


have (problem a) 
&2 — Dyt = [kis & = €2 - Dy? = 0 (mod &); 
No = —En + En = 0 (mod | |). 


Therefore & = é| k\, No = 7 | kl, where & and n are integers 
and €? — Dr? = 1. 

c. The numbers x, y defined by the equation (2) satisfy 
(problem a) the equation (1). 

Assuming that there exist pairs of integers x, y satisfying 
equation (1), but different from the pairs determined by the 
equation (2), we have 


(x + yoVD )* <x t yVD < (x, + yoVD )** 


for certainr = 1, 2,.... Dividing this termwise by 


(x, + y.VD )*, we find 
(3) 1<X¥+YVD <x,+yVD, 


where (problem a) X and Y are integers determined by the 
equation 


x + yVD 


X+YVD = ————_- 
(x9 + yoVD )F 


= (x + yVD)( - yVD)" 
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and satisfying the equation 


(4) X?7 —~ DY? = 1, 


But from (4) we obtain the inequality 0 < |x| al | Y Vo | el, 
which along with the first inequality of (3) shows that X and 
Y are positive. Therefore the second inequality of (3) 
contradicts the definition of x, and yo. 

11, a, a) We have 


a -1 poi t (t _ 1) 
| Ue,p |? = Ue, pVa,p az = 2: ) exp Pai) . 
ter xe. \P p 


For ¢ = 1, summation with respect to x gives p — 1; for 


t 
t> lit gives — ("| . Therefore 
Pp 


or 


9 ~ p-l p=t x+t x at 
[Uso |’ = UsjpUayn = >. D: —| exp (27i— 
t=0 xe0 P Pp P 


For t = 0 summation with respect to x gives p — 1; for 





at 
t > Oit gives -exp ne) . Therefore 
P 


-1 
| Usp ia Cais Lie oF exp Pri} = Py eae = Vp . 


fa. 
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B) The theorem is evident for (a, p) = p. For (a, p) = 1 it 
follows from 


y a (=) (2 =) “) y 
an = —]| exp (27i—] = {— ; 
ro pee, ep p pp? 


b, «) Let rrun through the quadratic residues and let n run 
through the quadratic non-residues, in a complete system of 
residues. We have 


ar 
Sajp = 1+ 2 Do exp bai = ‘ 


p 


Subtracting 
ar an 
O= 1+ a exp [ai + s tears 
r P n P 


from the latter termwise, we obtain the required equation. 


B) We have 


m~l m=1 (t? + 2Qex) 
Saal = FE op (zed 22 


ta0 x=0 


at? 
For given ¢, summation with respect to x gives m exp ert 
m 


or 0 according as 2t is divisible by m or not. For odd m we 
have 





. _a*0 
Pee eee 
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For even m = 2m, we have 


P a +0? a‘m} 
ae =m exp | 2Q7i + exp |27i 
m m 


Here the right side is equal to zero for odd m, and equal to 
2m for even m,. 








y) For any integer 5 we have 


moi | Ax? + as 
2: exp | 2xi ——————_ 
m 


Sq 








sg 
x20 


and choosing 6 such that 246 = a (mod m), we again obtain 


the result considered in problem B). 
12, a. We have 


M+Q-1 m-1 a(x ~ z) 
m » ®(z) = L >, Dd. oz) exp Cae ae, 


s=M a=o0 


The part of the sum on the right corresponding to a = 0 is 


equal to © (z); the part corresponding to the remaining 
qu P ponding 


values of a is numerically (problem 11, c, ch. III) 











m=-1 | M+Q~1 -as 
<A Dp) | Di exp (2ni < Am(Inm — 8). 
a=l suM m 


b, «) This follows from the theorem of problem 11, a, «) 
and the theorem of problem a. 

B) The inequality of problem «) gives R — N = OVp Inp. 
Moreover it is evident that R + N = Q. 

y) It follows from the theorem of problem 11, b, f) that the 
conditions of the theorem of problem a are satisfied if we take 
m = p, 2(z) = 1, while z runs through the values z = x’; 

x = 0,1,...,p — 1. But, among the values of z there is 
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one which is congruent modulo p to 0 and two congruent 
modulo p with each quadratic residue of a complete residue 
system, and hence 


yl O(z) = 2, Yr Bz) = p, 


= 
and we obtain 


SR pk Ge tine: 
p 


5) This follows from the theorem of problem 11, b, y) and 
the theorem of problem a. 

e) It follows from the theorem of problem 6) that the condi- 
tions of the theorem of problem a are satisfied if we set 
m =p, &(z) = 1, while z runs through the values z = Ax’; 


x = Mo,M, + 1,...,M, + Q — 1. Therefore 


Xe elz) = T, Fo lz) = Qy 


z 


from which the required formula follows. 


c. The part of the sum containing the terms with & = ] 
Pp 
is equal to p(R? + N?), the remaining part is equal to ~—2pRN. 
Therefore the whole sum is equal to p(R ~ NJ’. 
The part of the sum containing the terms with a = 0 is 
equal to 0. The remaining part is numerically smaller than 
(problem 11, c, ch. II) 














p-i | M+Q-1 ax \ p-1 | M+Q-1 _-aa 
Dt Do exp | 278 — Dit 2. exp (2x 
eet | x=eM P a=1 | yeM 


Therefore p(R - N)? < p? (In p)?, R-N < Vp Inp. 


Solutions of the Problems for Chapter V1 


1, a. If g is an odd prime and a? = 1 (mod q), then a be- 
longs to one of the exponents 6 = 1, p modulo gq. For 6 = 1 
we have a = 1 (modq), for 5 = p we have q — 1 = 2px 
where x is an integer. 

b. If g is an odd prime and a? + 1 = 0 (mod q), then 

7P = 1 (mod q). Therefore a belongs to one of the exponents 
= 1,2, p, 2p modulo g. The cases 6 = 1, p are impossible. 
or 6 = 2 we have a? = 1 (mod q), a + 1 = O (mod gq). For 
5 = 2p we have g ~ 1 = 2px where x is an integer. 

c. The prime divisors of 2? — 1 are primes of the form 
2px + 1. Let py, pa, .--, p, be any & primes of the form 
2px + 1; the number (p,p,... p,)? + 1 has a prime divisor 
of the form 2px + 1 which is different from p,, pa, 


a 
5 
F 


wees Dye 

d. If q is a prime and 2?" + 1 = 0 (mod q), then g2t 
= 1(modq). Therefore 2 belongs to the exponent 2"** modulo 
q, and hence g — 1 = 2"*'x where x is an integer. 

2. It is evident that a belongs to the exponent n modulo 
a” — 1, Therefore n is a divisor of p(a” — 1). 

3, a. Assume that we arrive at the original sequence after 
k operations. It is evident that the k-th operation is equiva- 
lent to the following one: consider the numbers in the sequence 


Ly 25-0 gti 1, iy nn Locks 2p ly 2yreus 

Meng th sly ht, eye Ly cha Sy ly 2p aa 
in places 1, 1 + 2*,1 +4 2:°2*,.... Therefore the number 2 
is in the 1 + 2* place. Therefore the condition considered in 


the problem is necessary. But it is also sufficient, since it 
implies that we have the following congruences modulo 2n — 1: 


be 2 BOS 0) 4 2" SS] ve 
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or 
lel,l+2 52,1422 23)... 


b. The solution is analogous to the solution of problem a. 


4. The solution of the congruence x° =~] (mod p) belongs 


5 
to an exponent of the form rr where 8” is a divisor of 6. 


3 
Here 5” is a multiple of d if and only if x’ = 1(mod p). Cone 
sidering the & values of 5’ and taking f = 1, we find that 


6 
ee ; u(d)S 4, where S’ is the required number and Sy = Bt 
d\$ 





5, a. Here (3; example c, $5) we must have 6 = 
27 + ) 


= ~-l. This condition is satisfied for g = 3. 


& 
2p + 1 
2p + 1). This condition is satisfied for our values of g. 


) = tat = 1 Good 





= 1, g? = 1 (mod 


b. Were we cannot have ( 





c. Here we cannot have 
4p + 1 


4p + 1). This condition is satisfied for g = 2. 
eeecy 
2% + 1 
2"p + 1). This condition is satisfied for g = 3. 

6, a, «) The theorem is evident if n is a multiple of p — 1. 


d. Here we cannot have ( =], gz? = 1 (mod 


Assume that n is not divisible by p — 1. If we disregard the 

order, the numbers 1, 2,..., p — 1 are congruent modulo p to 
the numbers g, 2g,..., (p — 1)g, where g is a primitive root 

modulo p. Hence 


Sn = g"S, (mod p), S, = 0 (mod p). 
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B) We have 


= 241 at pet Bet 
bs me = 3 x 2 (x? + 1) 2 (mod p) 
Xml P xXel 


from which (problem «)) we obtain the required result. 
b. For p > 2, we have 


1-2...(p — 1) & git?*°°+ +P"! = g? —1 (mod p). 


7, a. We have gonce? = a (mod p), ind,, a indy g, = 


ind, a (mod p — 1), ind,, a = o ind, a (mod p — 1). 
b. It follows from ind, a = s (mod n), indg, a = o indy a 
(mod p — 1) that ind,, a = as = s, (mod n). 
8. Let (n, p — 1) = 1. Determining u by the condition 
nu = 1 (mod p — 1) we find the solution x = a” (mod p). 
Let n be a prime, p — 1 = n“%t, where a is a positive 
integer and (t, n) = 1. If the congruence is possible, then 


ant 
n 


a~ 
a” = 1 (mod p); if « > 1, then, noting thatx = g" ‘T 
(mod p), r = 0, 1,..., 2 — 1 are just all the solutions of 
the congruence x" = 1 (mod p); for some r, = 0, 1,..., 2 — 1 
we have 
a=2 a=1 


a ge” ‘= 1(mod p); 


if a > 2, then for certain r, = 0, 1,..., 2 — 1 we have 


a-3 a~a ami 
a” * e" tritn tr =] (mod p), 


etc.; finally, for certain ro, = 0, 1,...,n — 1 we have 


—1 
t ntrytn7trat ...tn tray 
ag 


= 1 (mod p). 
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Determining u and v by the condition tu — nv = —], we obtain 
n solutions: 


2 —1 
v _iuf(rytnrgte.. +n% Tat }en™t 


xBza g _ (mod p); 
r=0,1,...,”- 1. 


Let the prime n, divide (n, p — 1), n = nyn,,n, > 1. Cor- 
responding to each solution of the congruence y”! = a (mod p) 
we obtain a solution of the congruence x"? = y (mod p). 

9, a. In this way we obtain ccgc,...c, = ¢(m) characters. 

b, a) We have y(1) = R°...R = 1. 

B) Let y ,..., ki yy «ey y,” be the index systems of 
the numbers a, anda,; theny’ + y”,..-,y, + y, is an 
index system for the number a,a, (c, $7). 

y) For a, = a, (mod m), the indices of the numbers a, and 
a, are congruent to one-another modulo c, ..., cy, respectively. 

c. This property follows from 


m-1 c-1 Chol 
dy, x(a) = DUR”... Bate 
aad Yuo V Eno 


d. This property follows from 


x(a) = DIR” ...0) RY, 
R 


Rx 


e. Let w(a,) 2 0. Then w(a,) = w(a,)W(1). Therefore 
W({1) = 1. Determining a’ by the condition aa” = 1 (mod m), 
we have W(a)W(a’) = 1. Therefore y:(a) Z 0 for (a, m) = 1. 


For (a,, m) = 1, we have 








, x (a) S y(a,a) x (a,) , x (a) ; 
a yi(a) a s(a,a) ys(a,) r ws (a) 4 
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, > x(a) 
therefore, either os = 0, or y(a,) = y(a,) for all a,. 


a ys(a) 
But the first cannot hold for all y; if it did, then we would 


have H = 0, while // = ¢(m) since, summing over all char- 
acters for given a, we have 


\ (a) g(m), if a = 1 (mod m), 


Za) 





0, otherwise. 


f,a) IfR’,..., Ry and R”,..., R,’ are values of 
R, ..., Ry corresponding to the characters y,(a) and y,(a), 
then y,(a) y,(a) is a character corresponding to the values 
R°R™, ey RR. 

B) When R, ..., R, run through all the roots of the cor- 
responding equations, then R’R, ..., Ry, run through the 
same roots in some order. 

y) Determining 1’ by the condition lJ’ = 1 (mod m), we have 


x (a) x(al*) 
7 “— = (al’) 
xy x) Z x (Il’) L aos 





which is equal to p(m) or 0, according as a = | (mod m) or 
not. 

10, a, «) Defining x* by the congruence xx” = 1 (mod p), 
we have 


= faye Bates) 
exp ge ce = + =, jf ax 


x= n 


p-1 lind (1 + kx’) 
= ¥7 exp | 22g | = -1. 


x=1 n 


206 


B) We have 


5.5 BE op an ABN n= ti 2) 


x=0 z4=0 z=0 n 


For z, = z, summing over x gives p — 1, and for z, unequal 
to z, summation over x (problem «)) gives ~1. Therefore 


S= G16 =00= le + OO. 


y) Let Q, be the number of integers of the sequence x + 2; 
z= 0,1,...,@ — 1 which are not divisible by p, while 7,,, 
is the number of integers of this sequence which are in the 
s-th set. Finally, let 








U Oe Pp os. PU 
Myx = h + layxs = dL Myx? 
We have 
] amt Q-1 l (ind (x + z) - s) 
Un x = ome os exp | 2ni ——_—_——__—__ | = 
mor. zat 7 
] ans ls 
= — Di exp lr Si,n,x, 
nfm 
n-1 n—-1\? 
1. < Se DF |S 8 > - Q0. 
[at 








Setting Q = [nVp ], and assuming that there are no numbers 


Q-1 


n 


Ww 





of the s-th set in our sequence, we find that | eal 


for x =M, M+1,...,¢ + 0+ 1, and hence 


(nVp — 2)? < (nVp — Vp ¥, 








which is impossible. 

b, Let p, be the product of the different prime divisors of 
the number p ~— 1, let Q, be the number of integers of the 
sequence x + z;z = 0,1,...,@Q — 1] which are not divisible 
by p, and let G, be the number of integers of the same 
sequence which are primitive roots modulo p. Finally, let 


Taking f(€) = 1 and letting & run through the values 
€ = ind (x + z);z = 0,1,..., Q@ — 1, we obtain 


S’ = dQ. p(d)Sy. Here S’ is the number of values of € such 


d\po 


that (€, p ~ 1) = 1 and hence S’ = G,. Moreover, Sy is the 
number of values of € which are multiples of d and hence 


Sa = Ta,x (problem a, y) for s = 0), Therefore 


1 
WwW, =~ + De pd) Ts, x = De wld) Ug xs 
p d\po d\po 


wig 2* Do Vax, D < 2p ~ QQ. 
d\po 
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Setting Q = [P 2*Vp ] and assuming that there are no primi- 
Q-1 
P 


for 





tive roots in our sequence, we find that | w, | 2 


x= M,M+1,...,¢@ + Q—1 and hence 


Q [e=) < 2p ~ Q)Q, 





= = 
P2kVp — 2) P2akVp ~ : 
Coon es ane 3 


which is impossible. 
11, a, «). We have 


“1 p- kind ~1 
| Usp [* = ‘9 im exp (oi = = ; exp (oj = ™ | = 


te1 x= n 


poi _k ind t 
=p-1-— )° exp 2ri . =p. 








B) For (a, p) = p the theorem is evident. For (a, p) = l, 
it follows from 


U, 


~kinda\ p= k ind ax ax 
= exp |2ni———— | )° exp (27d ———— J exp [2ni—_]_ = 
n x1 nh P 


~—kinda 
= exp | 27i ——— } U,_,. 


n 


y) It is evident that A and 8 are integers with Isf = A? +f, 
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. or 
For certain e, e’, e€”’ such that le| = |e’ | = le 


have (problem 8) ) 
1 


Rai 


pl p@l pol ind z, + ind z zx + 2x4 1) 
— 271i ———— exp | 22i —-———— 


x DD) Di exp 


zal z=1 xm 


S= 


p 


If z, + z is not equal to p, then summing over x gives zero. 


Therefore 


aoa - (=) exp [a =e’Vp, {S| =p. 


zm 


b, ao) For given z, the congruence x” = z (mod p) is solv- 
able only if ind z is divisible by 5, and it then has & solutions. 
Therefore, for 5 = 1 we have S,,, = 0. If 5 > 1, then we have 


§-1 pi k ind az 
Ssyp = 1+ DB 2: exp 2 exp (on: 


keo z=4 P 


For k = 0, summation with respect to z gives —1; for k > 0 


it gives a quantity whose modulus is equal to Vp . The re- 
quired result follows from this. 


B) Setting 
x=ud+ p*'v;u=0,..., p’' ~l.v=0,...,p- 1, 


we have 


n 


ax 
exp (on - = exp(2nia(u"p~* + nu™*pv). 
p 





For (u, p) = 1, summation with respect to v gives zero. 
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There fore 


pet—y 
Sap? ™ »: exp(27iap"™ °x¢) = p®”, Sy pe = 0. 
Xo=d 


y) Let p” be the largest power of p dividing n. We have 
s >1r+ 3. Setting 
x=u+t pr; u=0,...,p"*’ —1lv=0,...,p7™"—], 


we have 





ax” 
exp (5 ) = exp(2ria(u"p-* + nu ™*p~7*v)). 
p 


For (u, p) = 1, summation with respect to v gives zero. 


Therefore 





pe~t~1 axp 
Sap? = D. exp ani aon = pr *S, pens Says = 0. 


xXg™0 


a ° eae 
5) Let m = py! .-- P,* be the canonical decomposition of 


the number m. Setting 


1 
Tam = MS mi v= ae pow, =... = pyr, 
and defining a,,..., a, by the condition a = aM, +... 


. + a,M, (mod m), we have (problem 12, d, ch. III) 


T, 


a 
ae T, pm woe Tey peke 


For s = ] we have 


A 
| T.,p*| <pttnVvp <np * 
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For 1 <s <n, (n, p) = 1 we have 


-S+sy)s-l 


| Te,ps| =p po <1. 
For 1 < s <n, (n, p) = p we have 
Papel < pee? <p ea. 


The case s > n reduces to the case s < n since 


Taps = pote YprtS, je-n = T, pe-n. Therefore 
6 
| Ten | < C =n" ar 


from which we obtain the required inequality. 

12, a. This follows from the theorem of problem 11, a, «) 
and the theorem of problem 12, a, ch. V. 

b. We have 


Tn = oe i 


x=M kmo 


M+Q=1 n=1 Pere ee 
Soap (i (ind x — s) 


For k = 0, summing with respect to x we obtain Q; for 


k > 0, we obtain a number whose modulus is <Vp. In p. And 


this implies the required formula. 
c. Taking f(x) = 1 and letting x run through the numbers 
x = ind M, ind (M + 1),..., ind (Af + Q — 1), we find (prob- 


lem 17, a, ch, II) S’ = oy u(d)Sy. Here S’ is the number of 
d\p-1 

x such that (x, p — 1) = 1; therefore S’ = T. Moreover, Sg is 

the number of values of x which are multiples of d, i.e. the 

number of residues of power d in the sequence M, M+ 1,..., 


M+Q- 1. Then 


H= 2, phd) . + OgVp in: logl <1, 6, = 0. 
d\p-1 d 
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d. It follows from the theorem of problem a that the condi- 
tions of problem 12, a, ch. V are satisfied, if we set m = p—1, 
®(z) = 1, while we let z run through the values z = ind x; 
x=M,M+1,...,4 + Q- 1. We then find (with Q, in 
place of Q) 


XY 0@) =J, Div) =0,J = 19 + OVp (In p}. 
Zz Zz Pp - 


13, Assume that there are no noneresidues not exceeding A. 
The number of n-th power non-residues among the numbers 


1, 2,..., Q where 
Q = Vp (In p)? 


can be estimated by two methods: starting from the formula of 
problem 12, b and starting from the fact that the non-residues 
can only be numbers divisible by primes exceeding h. We find 


1 
eee elalnp 


1 1 
1- — < In———————__ + 0 ‘ 
n 1 In p 
—Inp+ 21nInp 

c 














In In p 
1+ 4- 
In p 1 
0 < In inl I 
n In n 
ee eon : 
np 


The impossibility of the latter inequality for all sufficiently 
large p proves the theorem. 
14, a. We have 


2 mal mt m—1 — _ ) 
see se eh eo ae ae?) | 
x=0 y.=0 yao m 
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For given y, and y summation with respect to x gives 


Xm| p(y)| or zero according as y, = y or not. Therefore 


IS} <XxX¥m, |S| < VX¥m. 
b, «) We have 





S= ao L PB x (u) y(v) exp [bs — 


where u and v run through reduced residue systems modulo m 
Hence 


m=~1l mo~1 


c= (x)p(yexp [2ni— | ; 
Be ea mt ): 


x=0 yao m 





v(x) = xu), py)= 


x(v). 
u%zx(mod m) v"=y(mod m) 
But we have (problem 11, ch, IV) 
m=~i 2 m=~1 2 
DX le) < Kolm), YF lpm < Kolm). 
x=0 


y=0 


Therefore (problem a) 


1 


Is| < 
p(m) 





VK p(m) K p(m)m = KVm. 


8) Let m = 2%pyt ... py be the canonical decomposition 


of the number m. The congruence x” = 1 (mod m) is equiva- 
lent to the system 


x” = 1 (mod 2%), x” = 1 (mod p??), ..., x” = 1 (mod Pak). 
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Let y(x) and y,(x) be the indices of the number x modulo Ag 
(g, $6). The congruence x” = 1] (mod 2°) is equivalent to the 
system ny(x) = 0 (mod c), nyo(x) = 0 (mod c,). The first 
congruence of this system has at most 2 solutions, while the 
second has at most n solutions. Therefore the congruence 

x" = ] (mod 2%) has at most 2n solutions. By b, $5, each of 
the congruences x” = 1 (mod p;7),..., x" = 1 (mod p,*) have 
no more than n solutions. Therefore 


Inn Inn 


Taz 
K < 2nkt! = 2( 2841) 2g 2(r(m))™?; K = 0 (m£), 
15, a. We have 


is|? pu-1 p-1 f a(t” — 1)x” + be - | 
= 7 —————_—————_—_-———  . 


ae» exp ; 


tol Xml 


If ¢" = 1 (mod p), then summation with respect to x gives 

p — 1 for ¢ = 1 (mod p) and —1 in the remaining cases. 
Otherwise, taking z(t — 1)“ in place of x, we can represent 
the part of the double sum corresponding to given ¢ in the form 


Dae | b a = -non 
rn (on: =) us [on a(t” — 1)(¢ — 1)""z 
p 





ze1 Pp 
and hence 
2 pwi p= auv 
ls| < p-1+ |)i pi vlu)plv)exp [2ni ; 
umyrl vw P 





where v(u) is equal to the number of solutions of the con- 
gruence (¢” — 1)(¢ — 1)" = u (mod p), while | p(v) | does 
not exceed the number of-solutions of the congruence 

z" = v (mod p). Therefore {u) < 2n,, | p(v)| < n., 


pol 2 p-i 2 
Ph [ru)| < (p - 1)2n,, lp()| < (p - Dn,. 


uel v1 
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Applying the theorem of problem 14, a, we find 


3 
IS|' < p-1+ Vp = D2, ~ Dap < 2Qp?. 


b, «) This follows from problem a and the theorem of prob- 
lem 12, a, ch. V. 

8) It follows from the theorem of problem «) that the con- 
ditions of the theorem of problem 12, a, ch. V are satisfied, if 
we set m = p, O(z) = 1, where we let z run through the values 


z= Ax"; x=M,,M, +1, ...,Mo+Q,— 1. Then 


yt Mz) = T, 1 Oz) = Q, 


Zz 


from which we obtain the required formula. 
c, a) Let y = 4ay,(mod p). We have (problem 11, a, ch, V) 


6 ea = (== + 4abx + 4ac 3 (2 a 





xad p Pp 





Ll pot fz\ pot _z(4atx? + 4abx + 4dac + 4ay,xz7 
= ae ine D2 ep: | 23 
U, jp zt \P] xno P 


p-t —{b = 4ac)z im 2by, ie yz 
= Di exp [20 ————_——— ] . 
p 


zemi1 
= 
The latter sum (problem a) is numerically < os p*. 


B) This follows from the theorem of problem «) and the 
theorem of problem 12, a, ch. V. 
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ANSWERS FOR THE NUMERICAL 
EXERCISES 


Answers for chapter |. 


1, a. 17. 

b. 23. 

snags «lel 19 6 

OS agree ag aga 
80 1002 9 


b, a) 6, = 3 o = —— + ———., 
) 8 59 B) 739 739 + 1000 





3. We obtain 22 fractions. 
5, a2 23° = 1P 
By 28 2B eb ee Lt 17 28. 87, 


Answers for chapter Il. 


1, a. 1312. 
By. 2h! ogg PL 18? 17 1 828" 4 20" 


x 314 °37? +41? - 43? - 47? - 53? +50 +6]? -67°71 x 
x 73°79 + 83-89-97 -101 -103 - 107° 109° 113. 
2, a. 7 (2800) = 30; S(2800) = 7688. 
b. r (232 848) = 120; S(232 848) = 848 160. 
3. The sum of all the values is equal to 1. 
4. a) 1152; B) 466 400. 
5. The sum of all the values is equal to 774. 
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Answers for chapter Ill, 


1, a. 70. 
b. It is divisible. 
2, a. 3° +5? +11? + 2999, 
b. 7°13 °37°73°101 °137°17°19 > 257. 


Answers for chapter IV. 


81 (mod 337). 


llaoxe= 

b. x = 200; 751; 1302; 1853; 2404 (mod 2755). 
2, b. x = 1630 (mod 2413). 
3. x = 944+ 11lt; y = 39 + 472, where ¢ is any integer. 
4, a. x = 170b, + 52b, (mod 221); x = 131 (mod 221); 

x = 110 (mod 221); x = 89 (mod 221). 

b. x = 11 1515, + 11 8008, + 16 8758, (mod 39 825). 
5, a. x = 91 (mod 120), 

b. x = 8479 (mod 15 015). 
6. x = 100 (mod 143); y = 111 (mod 148). 
7, a. 3x4 + 2x? + 3x7 + 2x = 0 (mod 5). 

b. x® + 5x4 + 3x? 4+ 3x 4+ 2 = 0 (mod 7). 
8. x® + 4x5 + 22x* + 76x’ + 70x? + 52x + 39 = 0 (mod 

101). 

9, a. x = 16 (mod 27). 

b. x = 22; 53 (mod 64). 
10, a. x = 113 (mod 125). 

b. x = 43, 123, 168, 248, 293, 373, 418, 498, 543, 623 
(mod 625) 
li, a. x = 2,5, 11, 17, 20, 26 (mod 30), 
b. x = 76, 22, 176, 122 (mod 225). 


Answers for chapter V. 


1, a. 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18. 
b. 2, 5, 6, 8, 13, 14, 15, 17, 18, 19, 20, 22, 23, 24, 29, 
31, 32, 35. 
2, a. a) 0; B) 2. 
b. a) 0; 8) 2. 
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3, a. a) 0; B) 22. 
b. a) 0; B) 2. 
4, a. a) x = 9(mod 19); B) x = 11 (mod 29); y) x = 14 
(mod 97). 
b. a) x = 66 (mod 311); B) x = 130 (mod 277); 


y) x = 94 (mod 353). 
5, a. x = 72 (mod 125). 
b. x = 127 (mod 243). 
6, a. x = 13, 19, 45, 51 (mod 64). 
b. x = 41, 87, 169, 215 (mod 256). 


Answers for chapter VI. 


1, a. 6. 
b. 18. 
2, a. 3,3, 3. 
b. 6, 6, 1687. 
c. a) 3; B) 7. 
5, a. a) 0; B) 1; y) 3. 
b. a) 0; B) 1; y) 10. 
6, a. a) x = 40; 27 (mod 67), B) x = 33 (mod 67), 
y) x = &, 36, 28, 59, 31, 39 (mod 67). 


b. a) x = 17 (mod 73); B) x = 50, 12, 35, 23, 61, 38 
(mod 73), y) x = 3, 24, 46 (mod 73). 
7, a. a) 0; B) 4. 
b. a) 0; B) 7. 
8, a. a) x = 54 (mod 101). B) x = 53, 86, 90, 66, 8 
(mod 101). 
b. x = 59, 11, 39 (mod 109). 
9, a. a) 1, 4,5, 6, 7, 9, 11, 16, 17; 8) 1, 7, 8 11, 12, 18. 
b. a) 1, 6, 8, 10, 11, 14, 23, 26, 27, 29, 31, 36; 8) 1,7, 
9, 10, 12, 16, 26, 33, 34. 
10, a. «) 7, 37; 8) 3, 5, 12, 18, 19, 20, 26, 28, 29, 30, 
33, 34. 
b. «) 3, 27, 41, 52; B) 2, 6, 7, 10, 17, 18, 23, 26, 30, 
31, 35, 43, 44, 51, 54, 55, 59. 
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TABLES OF INDICES 


The Prime 3 





The Prime 17 












catstaketate 


1 
17}1 





1}13] 2/16 
15] 5]7}11 





are 
late HE 
J DBBEBERE 


16 1}18}19 E a 4 1} 5 10 cE 
14 1 17} 8} 7]12]15 1 }} 9422 /18121]13 19 1S 
sh 2 |] 12}14 


The Prime 29 





O|} 1) 5] 2/22) 6/12] 3710 
23/25 | 7/18/1327) 4/21)11] 9 
: 24| 17 (26/20) 8) 16/19]15 /14 





The Prime 31 


lf of a} 2] 3] 4] 5} 6| 2 alo] GO BE BEE 8 9 





5 
alts 1 ]18 | 20/25/28 )1 2/2 1} 3} 9127319 |26]16}17|20)29 
14) 23 }19]11/22/21) 6) 7)26)/4 i 2513] 8/24/10 30/28 |22| 4)12 
ale es 5} 3}16)/9 2}) 5{15|14]11) 2] 6/18/23) 7/21 
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The Prime 37 


a of a] 2 | +f s| | 2 9 9| 


2| 3 7 
1] 2} 4] 8/16]32/27 {17 134/31 
1}| 2541326 1/15 130/23) 9118 }36|35 
2]| 33]29}21) 5]10]20) 3] 6112/24 















7| 8) 9 


1/26] 2/23]27132] 3}16 
28/11)33]13) 4) 7/17/35 
31 
5 

















15/29]10]12] 6/34/21 


20) 8/19/18 3}] 11)22| 7414)28)19 





Nii of} 1 
0 0 
1 || 24/30 
2 || 25] 22 
3/]/ 14] 9 
The Prime 41 


{2 2 3] 4 of of x] of 9) [ef of 4} 2 9] 4 5] 6 2] ol 


2] 3 
26/15]12(22} 1/39)38|30 1} 6/36]11|25]27 |39 |29}10)19 
8] 3)27/31/25|37) 24/33/16] 9 32128) 4/24/21} 3118/26 /33)34 
34/14/29/36]13] 4}17| 5|11] 7 40/35] 5/30/16]14] 2/12)31/22 
23/28}10)18]19}21] 2|32/35] 6 913 37] 17|20|38|23 415] 8) 7 
20 


The Prime 43 








BwNeo] =] 
WN oO 





2 3 4] 5} of 7| 
36 32 


38 8/40 

21/26/16)12145 

37| 6/25) 5/28] 2/29/14/22)/35 

39] 3)44)27/34/33/30)42117/31 
9415] 24]13143]41) 23 


0 
1 
2 
3 
4 


PWN oS 
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The Prime 53 


7 
8 
57 
9 
13 





3 

o| 150] 2} 6lsilisl| 3/42 
25|52145|19|56| 4/40143138 
10126|15|53|12|46134| 20128 
49] 5/17141\24 144155139137 
14|11|33|27]48|16/23|54|36 
32147122135131 |21/30|29 


The Prime 61 


of af 2f af 4f sf of aff 9] {rll of 1 2 5] 4 5) of a] 8] 9 
1 2 


sy 7 5; 6| 7 

0 6 22) 7/49] 3/12 1} 2] 4] 8}16)/32} 3) 6/12|24 
23/15] 8/40|50)28| 4/47)/13)26 48]35| 9118/36) 11)22)44)27)/54 
24155 116|57| 9/44/41) 18/51/35 47/33] 5}10}20) 40) 19/38} 15/30 
29/59] 5/21/48] 11] 14) 39/27/46 60}59157]53)45) 29 |58]55] 49137 
2554 156] 43 | 17134 |58) 20/10/38 13] 26/52/43] 25}50|39/17|34) 7 
45153 142/33 |19137]5 2132/36/31 14] 28/56/51/41] 21/42} 23/46/31 
30 


The Prime 67 


| of af 2] 3} 4 sf of af af 9 | [rf of af 2 3/4] 5] of 7 


0} 1 23] 3|12 
16]59]41119{24/54) 4]/64)13/10 
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17/62]60)28}42)/30) 20/51) 25144 
55/47) 5132/65/38] 14/2 2/11/58 
18}53/63] 9/61)27/29|50/43/46 
31/37)/21]57/52| 8/26)49/45/36 
56} 7/48/35] 6/34/33 
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Aun WN eH Oo 


The Prime 71 


N 
0 
1 
2 
3 
4 
5 
6 
7 


ANNA U PP wWPOeY O = 
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The Prime 83 





0 
1 
2 
3 
4 
5 
6 
7 
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Table of primes < 4000 and their smallest primitive roots. 
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